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Abstract
We study the gauge invariant ’t Hooft operator in canonical formalism for Yang-Mills theory as well
as the N = 4 Super Yang-Mills theory. It is shown that the spectrum of the ’t Hooft operator labeled
by the dual representation of the gauge group is the same as the spectrum of the Wilson operator
labeled by the same representation. So it is possible to construct a unitary operator S making the two
kinds of loop operators transformed into each other. S-duality transformation could be realized by
the operator S. We compute the supersymmetry variations of the loop operators with the fermionic
couplings turned off. The result is consistent with the expectation that the action of S should make
supercharges transform with a U(1)Y phase.
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1. INTRODUCTION
In U(1) gauge theory, S-duality [1–3] has a simple realization in canonical formalism. The
canonical coordinates are Ai with the conjugate momentum Π
i, i = 1, 2, 3. In temporal gauge,
∂iΠ
i = 0. The unitary operator S with
S−1ΠiS =
Bi
2pi
S−1BiS = −2piΠi (1.1)
gives the S-transformation of the theory. For the gauge potential eigenstate |A〉, the S-dual
state
S|A〉 =
∫
DA′ exp{ i
2pi
∫
d3x ijkA′i∂jAk}|A′〉 (1.2)
is the eigenstate of Πi with the eigenvalue
1
2pi
ijk∂jAk. The Wilson and ’t Hooft operators for
the spacial loop C are given by
W (C) = exp{i
∮
C
ds Aix˙
i} = exp{i
∫∫
ΣC
dσi Bi} T (C) = exp{2pii
∫∫
ΣC
dσi Πi} . (1.3)
Under the action of S,
S−1T (C)S = W (C) S−1W (C)S = T+(C) . (1.4)
In canonical formalism, S-duality transformation rule is determined by the field content with
no dynamical information involved. (1.1)-(1.4) apply for U(1) gauge theory with the arbitrary
Hamiltonian. If the Hamiltonian is invariant under the action of S, the theory will be S-duality
invariant.
The purpose of this paper is to extend (1.4) into the nonabelian gauge theories. For Yang-
Mills theory with the gauge group G, we give a canonical definition of the gauge invariant
’t Hooft operator TR(C) labeled by the irreducible representation R. When R is the dual
representation of G, or equivalently, the representation of the GNO dual group G∗ [4] thus
could be written as R∗, we show that the spectrum of TR∗(C) is the same as the spectrum of
the Wilson operator WR∗(C) in the same representation. For the arbitrary |A〉 with
WR∗(C)|A〉 =WR∗(A;C)|A〉 , (1.5)
whereWR∗(A;C) is the Wilson loop of A labeled by R∗, there is a corresponding physical state
|D〉A with
TR∗(C)|D〉A =WR∗(A;C)|D〉A (1.6)
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for the arbitrary C. Eigenstates of TR∗(C) with the different eigenvalues are orthogonal. Sup-
pose |A〉ph is the projection of |A〉 in the physical Hilbert space, then the mapping between
|A〉ph and |D〉A gives a unitary operator S with
S−1TR∗(C)S =WR∗(C) S−1WR∗(C)S = T +R∗(C) . (1.7)
For N = 4 Super Yang-Mills (SYM) theory with the gauge group G and the coupling
constant τ , Wilson and ’t Hooft operators in the dual representation of G areWR∗(τ ;λI , λa, C)
and TR∗(τ ;λI , λa, C) with λI and λa the arbitrary periodic scalar and spinor functions on loop
C characterizing the scalar and the fermionic couplings. We show that it is possible to construct
S with
S−1TR∗(τ ;λI , λa, C)S =WR∗(−1
τ
;λI ,−ie iθ2 λa, C) , (1.8)
S−1WR∗(τ ;λI , λa, C)S = T +R∗(−
1
τ
;−λI , ie iθ2 λa, C) , (1.9)
where e
iθ
2 = (τ/τ¯)
1
4 , θ ∈ [0, pi]. This is consistent with the expectation that S-transformation
will make the ’t Hooft operator labeled by R∗ in theory with the coupling constant τ and the
gauge group G mapped into the Wilson operator labeled by R∗ in theory with the coupling
constant −1/τ and the gauge group G∗ [5].
With the S-transformation operator S given, we may check whether the theory is duality
invariant or not. For N = 4 SYM theory, if the supercharges transform as
SQaβ(τ)S
−1 = e
iθ
2 Qaβ(−
1
τ
) , SQ¯aβ˙(τ)S
−1 = e−
iθ
2 Q¯aβ˙(−
1
τ
) , (1.10)
SSaβ˙(τ)S−1 = e−
iθ
2 Saβ˙(−1
τ
) , SS¯aβ(τ)S−1 = e
iθ
2 S¯aβ(−1
τ
) , (1.11)
the theory will be duality invariant [6]. We calculate the supersymmetry variations of the loop
operators with λa = 0 and show that the constructed S is consistent with (1.10). To prove
(1.10), the situation with λa 6= 0 should also be considered, which is left for future study.
’t Hooft operator is usually defined in path integral formalism [7]. We investigate the relation
between the two kinds of definitions and show that it is possible to extract TR(τ ;λI , λa, C) in
canonical formulation from the path integral.
The rest of the paper is organized as follows: section 2 is a review for the electric and the
magnetic weight lattices of the gauge group; in section 3, we give a definition for the gauge
invariant ’t Hooft operator in canonical formalism and compute the generic commutation rela-
tions for ’t Hooft and Wilson operators in the arbitrary representations; in section 4, we consider
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the T-transformation rule for loop operators; in section 5, we study the S-transformation of the
loop operators; the discussion is in section 6.
2. THE ELECTRIC AND MAGNETIC WEIGHT LATTICES
For a semi-simple and simply connected group G with the rank r, simple roots and simple
coroots are given by the r-dimensional vectors {~αA| A = 1, 2, · · · , r} and {~α∗A = ~αA/|~αA|2| A =
1, 2, · · · , r}. The fundamental roots are {~λA| A = 1, 2, · · · , r} satisfying
2~α∗A · ~λB =
2~αA · ~λB
|~αA|2 = δAB . (2.1)
The electric weight lattice Υ(G) and the magnetic weight lattice Υ∗(G) are generated by the
fundamental roots {~λA} and the simple coroots {~α∗A} respectively:
∀ ~Υ ∈ Υ(G) , ~Υ =
r∑
A=1
mA~λA , ∀ ~Υ∗ ∈ Υ∗(G) , ~Υ∗ =
r∑
A=1
mA~α
∗
A , mA ∈ Z . (2.2)
The magnetic weight lattice Υ∗(G) can be identified with the electric weight lattice of the GNO
dual group G∗ [4]. Υ∗(G) = Υ(G∗), Υ∗(G∗) = Υ(G). The center and the fundamental group
of G∗ are isomorphic to the fundamental group and the center of G.
An irreducible representation R of the group G is labeled by the highest weight ~Υ =∑r
A=1mA
~λA with mA ≥ 0. Suppose {tM |M = 1, 2, · · · , dimG} are generators for the Lie alge-
bra of G in fundamental representation, among which, {HA| A = 1, 2, · · · , r} are generators of
the Cartan subalgebra. tr(tM tN) =
1
2
δMN . For ~m = (m1,m2, · · · ,mr), ~H = (H1, H2, · · · , Hr),
let
H~m = ~Υ · ~H =
r∑
A=1
mA~λA · ~H =
r∑
A=1
mAHλA , (2.3)
R could also be represented by H~m with mA ≥ 0. exp{4piiH~m} = Z, where Z is a center
element of the group. The dual representation R∗ is labeled by ~Υ∗ =
∑r
A=1mA~α
∗
A in Υ
∗(G)
with mA ≥ 0. Suppose
H∗~m = ~Υ
∗ · ~H =
r∑
A=1
mA~α
∗
A · ~H =
r∑
A=1
mAHα∗A , (2.4)
5
then according to (2.1), exp{4piiH∗~m} = I,
tr(H~mH
∗
~m′) =
1
4
r∑
A=1
mAm
′
A . (2.5)
Moreover,
tr(H~mH~m′) =
1
2
r∑
A=1
r∑
B=1
mAm
′
B
~λA · ~λB . (2.6)
When G = SU(2), r = 1, H1 = diag(1/2,−1/2), α1 = α∗1 = 1, λ1 = 1/2. The SU(2)
representation with the spin m/2 could be characterized by Hm = diag(m/4,−m/4), where
m = 1, 2, · · · The dual group is G∗ = SO(3), the dual representation with the integer spin m
is characterized by H∗m = diag(m/2,−m/2).
When G = SU(N), r = N − 1, generators of the Cartan subalgebra in fundamental repre-
sentation are selected as
HA =
1√
2A(A+ 1)
diag(1, · · · , 1︸ ︷︷ ︸
A
,−A, 0, · · · , 0︸ ︷︷ ︸
N−A−1
) , (2.7)
A = 1, 2, · · · , N − 1. |~αA|2 = 1, ~α∗A = ~αA, |~λA|2 = N−12N , ~λA · ~λB = − 12N for A 6= B. The
magnetic weight lattice is a sub-lattice of the electric weight lattice, Υ∗(SU(N)) ⊂ Υ(SU(N)).
For ~Υ =
∑r
A=1mA
~λA ∈ Υ(SU(N)), ~Υ ∈ Υ∗(SU(N)) if and only if
∑r
A=1mA = pN for some
integer p. For the arbitrary irreducible representation R and R′ labeled by ~m and ~m′, from
(2.6),
tr(H~mH~m′) =
1
4
r∑
A=1
mAm
′
A −
1
4N
r∑
A=1
r∑
B=1
mAm
′
B . (2.8)
When R is the fundamental representation, ~m = (0, · · · , 0︸ ︷︷ ︸
k
, 1, 0, · · · , 0︸ ︷︷ ︸
N−k−2
), k = 0, 1, · · · , N −2, the
corresponding H~m is
H~m = diag(− 1
2N
, · · · ,− 1
2N︸ ︷︷ ︸
k
,
1
2
− 1
2N
,− 1
2N
, · · · ,− 1
2N︸ ︷︷ ︸
N−k−1
) , (2.9)
exp{4piiH~m} = e−2pii/NI; the dual representation R∗ corresponds to
H∗~m = diag(0, · · · , 0︸ ︷︷ ︸
k
,
1
2
,−1
2
, 0, · · · , 0︸ ︷︷ ︸
N−k−2
) (2.10)
6
with exp{4piiH∗~m} = I. Υ∗(SU(N)) = Υ(SU(N)/ZN), Υ∗(SU(N)/ZN) = Υ(SU(N)). For
simplicity, we will take
H = diag(
1
2
− 1
2N
,− 1
2N
, · · · ,− 1
2N︸ ︷︷ ︸
N−1
) (2.11)
and
H∗ = diag(
1
2
,−1
2
, 0, · · · , 0︸ ︷︷ ︸
N−2
) (2.12)
as the corresponding matrices for R and R∗ when R is the fundamental representation.
When G = U(N) which is not semi-simple but could be locally decomposed as SU(N)×U(1),
r = N ,
HA = diag(0, · · · , 0︸ ︷︷ ︸
A−1
,
1√
2
, 0, · · · , 0︸ ︷︷ ︸
N−A
) , (2.13)
A = 1, 2, · · · , N . The fundamental weights and the simple coroots are
~λA = ~α
∗
A = (0, · · · , 0︸ ︷︷ ︸
A−1
,
1√
2
, 0, · · · , 0︸ ︷︷ ︸
N−A
) . (2.14)
The electric and the magnetic weight lattices are identical, Υ(U(N)) = Υ∗(U(N)), U(N) =
U(N)∗. exp{4piiH~m} = exp{4piiH∗~m} = I. For the representation R with ~m = (m1, · · · ,mN),
H~m = H
∗
~m = diag(
m1
2
, · · · , mN
2
) . (2.15)
When R is the fundamental representation and ~m = (1, 0, · · · , 0),
H = H∗ = diag(
1
2
, 0, · · · , 0︸ ︷︷ ︸
N−1
) . (2.16)
3. ’T HOOFT OPERATOR IN CANONICAL FORMALISM
In this section, we will give a gauge invariant definition of the ’t Hooft operator in canonical
formalism and compute the commutation relations for ’t Hooft and Wilson operators in the
arbitrary representations of the gauge group.
In canonical quantization formulation, 4d Yang-Mills (YM) theory with the gauge group G
has the canonical coordinate Ai and the conjugate momentum Πi, i = 1, 2, 3, Ai = A
M
i t
M ,
Πi = Π
M
i t
M , M = 1, 2, · · · , dimG. The complete orthogonal basis of the Hilbert space H can
be selected as the gauge potential eigenstates {|Ai〉| ∀ A}. Suppose G is the group composed
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by the local gauge transformation operators U , ∀ U ∈ G,
U |Ai〉 = |U−1Ai〉 = |uAiu−1 + iu∂iu−1〉 , (3.1)
where u is an element of G in fundamental representation. The physical Hilbert space Hph
consists of states invariant under the action of U . ∀ |ψ〉 ∈ Hph, ∀ U ∈ G, U |ψ〉 = |ψ〉. ∀ |Ai〉,
the corresponding physical state |Ai〉ph ∈ Hph can be constructed as
|Ai〉ph =
∫
DU U |Ai〉 . (3.2)
For the arbitrary spatial loop C, the Wilson loop in representation R is given by
WR(A;C) = 1
dR
trP exp{i
∮
C
ds AiRx˙i} , (3.3)
where dR is the dimension of the representation and A
i
R is the gauge potential in representation
R. For the fundamental representation, we will use Ai and W with the subscript R omitted.
Instead of (3.3), the Wilson loop in representationR labeled by ~m has an equivalent definition
as a path integral over all gauge transformations periodic along the loop C [8–10]:
WR(A;C) = 1
dRn(R,C)
∫
DRu(s) exp{i
∮
C
ds 2tr[H~m(u
−1Aiu+ iu−1∂iu)]x˙i} . (3.4)
In (3.4), all fields are in the fundamental representation with the information on R encoded
in H~m. The path integral measure DRu(s) is the Haar measure of the group G times a R-
dependent constant. Suppose GH is the Cartan subgroup of G, then the integrand of (3.4)
is invariant under the action of GH . GH is the stationary group, the integration over which
along C gives the divided factor n(R,C) in the denominator. Effectively, the path integral is
carried over the coset space G/GH at C. In appendix A, we will give a direct proof of (3.4) by
performing the path integral explicitly for G = SU(2) with a clarification on the R-dependent
factor in DRu(s).
The action of the Wilson operator WR(C) on |Ai〉 is
WR(C)|Ai〉 =WR(A;C)|Ai〉 . (3.5)
Based on (3.4), another operator WR(C) can be introduced with
WR(C)|Ai〉 = WR(A;C)|Ai〉 , (3.6)
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where
WR(A;C) = exp{i
∮
C
ds 2tr(H~mAi)x˙
i} . (3.7)
WR(C) can be written in terms of WR(C):
WR(C) = 1
dRN(R,C)
∫
DRU UWR(C)U
−1 . (3.8)
The integration is taken over all of the local gauge transformation operators U ∈ G in space,
but WR(C) is only affected by G/GH at the loop C. For U with u ∈ GH at C, UWR(C)U−1 =
WR(C). The integration over the stationary group of WR(C) gives the divided factor N(R,C) in
the denominator.
To see the equivalence between (3.4) and (3.8), consider the situation when G = SU(N).
The gauge transformation periodic on C gives a closed curve in SU(N), Π1(SU(N)) = 0, so
the curve can be continuously deformed to I and the gauge transformation on C can be covered
by U ∈ G. When G = U(N), Π1(U(N)) = Z, however, the U(1) part of the transformation
periodic on C will make WR(C)→ WR(C) exp{4kpii tr(H~m)} = WR(C) exp{2kmpii} = WR(C)
thus could be neglected. (3.8) is still equivalent to (3.4).
In [11], the ’t Hooft operator T (C) is introduced satisfying the canonical commutation
relation
T (C1)W(C2) = Z−l(C1,C2)W(C2)T (C1) (3.9)
with the Wilson operator W(C) in fundamental representation. When G = SU(N), the center
element Z = exp{2pii/N}. l(C1, C2) is the linking number of the two spatial loops C1 and C2.
In [12], an operator TR(C) satisfying (3.9) was explicitly constructed. The action of TR(C)
on |Ai〉 is given by
TR(C)|Ai〉 = |T−1R (C)Ai〉 = |Ω~m(ΣC)AiΩ−1~m (ΣC)−H~mai(C)〉 . (3.10)
For R labeled by H~m, Ω~m(ΣC , x) = e
−iH~mω(ΣC ,x). ΣC is an arbitrary surface with the boundary
C, ∂ΣC = C. ω(ΣC , x) is the solid angle subtended by the loop C seen from the point x, and
is smooth everywhere except at the surface ΣC .
ω(ΣC , x) = 4pi
∫
ΣC
d2σi∂
x
i D(x− x¯(σ)) , (3.11)
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where D(x) is the Greens function of the 3-dimensional Laplacian, −∂2D(x) = δ3(x).
ai(C, x) = 4pi
∫
C
dx¯k kij∂
x¯
jD(x− x¯) . (3.12)
When x crosses ΣC , ω(ΣC , x)→ ω(ΣC , x)± 4pi and accordingly, Ω~m(ΣC , x)→ Z±1Ω~m(ΣC , x),
since e−4piiH~m = Z. Depending on the different ΣC selected, Ω~m(ΣC , x) is determined up to the
multiplication of Z, but Ω~m(ΣC)AiΩ
−1
~m (ΣC) is only C-dependent.
Away from ΣC , Ω~m(ΣC , x) is smooth with iΩ
−1
~m (ΣC)∂iΩ~m(ΣC) = H~mai(C). Locally, TR(C)Ai
and Ai are related by a gauge transformation. So the path-ordered integrations
I(Ai;C
′) =
1
N
P exp{i
∫ 1
0
ds Aix˙
i} (3.13)
and
I(TR(C)Ai;C
′) =
1
N
P exp{i
∫ 1
0
ds TR(C)Aix˙
i} (3.14)
starting and ending at the point x ∈ ΣC , moving along a loop C ′ intersecting ΣC once at x will
differ by Z, i.e. I(TR(C)Ai;C
′) = Z−1I(Ai;C ′) and then W(TR(C)Ai;C ′) = Z−1W(Ai;C ′).
TR(C) is an operator satisfying
TR(C1)W(C2) = Z−l(C1,C2)W(C2)TR(C1) . (3.15)
When G = SU(N) and R is the fundamental representation, Z = exp{2pii/N}, TR is abbrevi-
ated to T ,
T (C1)W(C2) = exp{−2piil(C1, C2)
N
}W(C2)T (C1) . (3.16)
Ω~m(ΣC , x) is a ΣC-dependent function discontinuous at ΣC . Z
K = 1 for some G-dependent
integer K. ZkΩ~m(ΣC , x) with k = 0, 1, · · · , K − 1 glued together form a K-folded C-
dependent continuous function Ω¯~m(C) taking values {ZkΩ~m, k = 0, 1, · · · , K − 1} at each
point. iΩ¯−1~m (C)∂iΩ¯~m(C) = H~mai(C) holds in every branch.
TR(C)|Ai〉 = |T−1R (C)Ai〉 = |Ω¯~m(C)AiΩ¯−1~m (C)−H~mai(C)〉 . (3.17)
Although Ω¯~m(C) is multi-valued, Ω¯~m(C)AiΩ¯
−1
~m (C) is single-valued.
When e−4piiH~m = I, which is the situation for G = U(N) and R the arbitrary representation
orG = SU(N) andR a dual representation, Ω~m(ΣC , x) = Ω~m(C, x) is a C-dependent continuous
function with iΩ−1~m (C)∂iΩ~m(C) = H~mai(C) everywhere. Even though, due to the singularity at
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C, H~mai(C) is not a pure gauge and TR(C) is not a gauge transformation. For example, when
G = U(1), H~m = 1/2,
T (C)|Ai〉 = |Ai − 1
2
ai(C)〉 . (3.18)
The magnetic field Bi = ijk∂jAk transforms as B
i → Bi − 1
2
bi(C), where
bi(C, x) = ijk∂jak(C, x) = 4pi
∫
C
dx¯i δ3(x− x¯) (3.19)
is non-vanishing only at C. T (C1)W(C2) = W(C2)T (C1). Ai and Ai − 12ai(C) have the same
Wilson loop but are not the gauge equivalent configurations. The operator T (C) defined by
(3.18) is identical to that in (1.3).
When G is the nonabelian group, TR(C) is not a physical operator. For |ψ〉 ∈ Hph, TR(C)|ψ〉
may not belong to Hph. Consider the action of TR(C) on a gauge transformation operator
U defined by (3.1), the gauge transformation matrix for T−1R (C)UTR(C) is Ω¯~m(C)uΩ¯
−1
~m (C).
T−1R (C)UTR(C) will be a gauge transformation if Ω¯~m(C)uΩ¯
−1
~m (C) is still a single-valued contin-
uous function taking values in G and approaching I at infinity, which requires [u,H~m] = 0 at
C, since Ω¯~m(C) is singular at C. In this case, ∀ |ψ〉 ∈ Hph
UTR(C)|ψ〉 = TR(C)T−1R (C)UTR(C)|ψ〉 = TR(C)U ′|ψ〉 = TR(C)|ψ〉 . (3.20)
Otherwise, UTR(C)|ψ〉 6= TR(C)|ψ〉. TR(C)|ψ〉 is a state that would only be affected by the
gauge transformation G/GH at C thus shares the same stationary group as WR(C). In this
respect, TR(C) is quite similar with WR(C).
In parallel with (3.8), the gauge invariant ’t Hooft operator can be constructed as
TR(C) = 1
dRN(R,C)
∫
DRU UTR(C)U
−1 . (3.21)
From (3.15),
TR(C1)W(C2) = Z−l(C1,C2)W(C2)TR(C1) . (3.22)
We get the explicit form of the ’t Hooft operator in (3.9).
(3.9) was originally proposed as the commutation relation for loop operators in fundamental
representation of SU(N). It is straightforward to compute the commutation relation for loop
operators in arbitrary representations of the group G. Consider TR(C1) and WR′(C2) labeled
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by H~m and H~m′ ,
TR(C1)WR′(C2)T
−1
R (C1) = exp{i
∮
C2
ds 2tr[H~m′(Ai +H~mai(C1))]x˙
i}
= WR′(C2) exp{8piil(C1, C2)tr[H~m′H~m]} , (3.23)
TR(C1)WR′(C2) = WR′(C2)TR(C1) exp{8piil(C1, C2)tr[H~m′H~m]} , (3.24)
where we have used ∮
C2
ds ai(C1)x˙
i = 4pil(C1, C2) . (3.25)
WR′ (C2) is only affected by the gauge transformation at C2, so instead of (3.8), the Wilson
operator WR′(C2) can also be written as
WR′(C2) = 1
dR′n(R′,C)
∫
DR′U(C2) [U(C2)WR′ (C2)U
−1(C2)] , (3.26)
where U(C2) is the gauge transformation equal to I away from a thin torus surrounding C2.
From (3.26) and (3.24),
TR(C1)WR′(C2) = 1
dR′n(R′,C)
∫
DR′U(C2) [TR(C1)U(C2)T
−1
R (C1)TR(C1)WR′ (C2)U
−1(C2)]
=
1
dR′n(R′,C)
∫
DR′U(C2) [TR(C1)U(C2)T
−1
R (C1)WR′ (C2)TR(C1)U
−1(C2)T−1R (C1)
TR(C1) exp{8piil(C1, C2)tr[H~m′H~m]}]
=WR′(C2)TR(C1) exp{8piil(C1, C2)tr[H~m′H~m]} , (3.27)
where we have used the fact that TR(C1)U(C2)T
−1
R (C1) is still a gauge transformation equal to
I away from the torus surrounding C2. Let
exp{iL(R,R′;C1, C2)} := exp{8piil(C1, C2)tr[H~m′H~m]} , (3.28)
from (3.21) and (3.27),
TR(C1)WR′(C2) =WR′(C2)TR(C1) exp{iL(R,R′;C1, C2)} . (3.29)
This is the generic commutation relation for loop operators in arbitrary representations.
When H~m′ and H~m are in the electric and the magnetic weight lattices Υ(G) and Υ
∗(G),
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from (2.5), exp{iL(R,R′;C1, C2)} = 1,
TR(C1)WR′(C2) =WR′(C2)TR(C1) . (3.30)
When G = SU(N), according to (2.8),
TR(C1)WR′(C2) =WR′(C2)TR(C1) exp{−2piil(C1, C2)
N
r∑
A=1
r∑
B=1
mAm
′
B} . (3.31)
Especially, when R and R′ are both the fundamental representation labeled by H,
T (C1)W(C2) =W(C2)T (C1) exp{−2piil(C1, C2)
N
} . (3.32)
When G = U(N), for the arbitrary R and R′, from (2.15), exp{iL(R,R′;C1, C2)} = 1,
TR(C1)WR′(C2) =WR′(C2)TR(C1) . (3.33)
4. T-TRANSFORMATION OF LOOP OPERATORS
S-duality transformation is generated by T-transformation and S-transformation. In canon-
ical quantization formalism, T-transformation could be realized by a unitary operator g(A) =
exp{− iX(A)
2pi
} [13] with
X(A) =
1
2
∫
d3x ijktr(Ai∂jAk − 2i
3
AiAjAk) (4.1)
the Chern-Simons functional.
g(A)Πig
−1(A) = Πi +
Bi
2pi
g(A)Aig
−1(A) = Ai , (4.2)
where Bi = 1
2
ijkFjk.
Wilson operator is invariant under the action of g, g(A)WR(C)g−1(A) =WR(C). As for the
T-transformation of the ’t Hooft operator, we can compute the action of TR(C) on X(A):
TR(C)X(A)T
−1
R (C) = X(TR(C)A) , (4.3)
13
where TR(C)Ai = Ω¯
−1
~m (C)AiΩ¯~m(C) +H~mai(C). Direct calculation gives
X(TR(C)A) = X(A) + 4pi
∮
C
ds tr(H~mAi)x˙
i , (4.4)
so
TR(C)g(A)T
−1
R (C) = W
−1
R (C)g(A) , (4.5)
or equivalently,
g(A)TR(C)g
−1(A) = TR(C)WR(C) . (4.6)
Under the T-transformation, TR(C) is multiplied by WR(C) in the same representation. On
the other hand, T-transformation of the gauge invariant ’t Hooft operator TR(C) is
g(A)TR(C)g−1(A) = 1
dRN(R,C)
∫
DRU U [TR(C)WR(C)]U
−1 := [T W ]R(C) , (4.7)
where [T W ]R(C) could be taken as the Wilson-t Hooft operator originally proposed in path
integral formulation [5]. Here, W and T in [T W ]R are both labeled by the representation R.
[T W ]R(C) is different from the double trace operator TR(C)WR(C) unless the gauge group is
U(1) so that W(C) = W (C), T (C) = T (C).
5. S-TRANSFORMATION OF LOOP OPERATORS
S-transformation is conjectured to make the ’t Hooft operator TR∗(C) in theory with the
gauge group G and the coupling −1/τ mapped into the Wilson operatorWR∗(C) in theory with
the gauge group G∗ and the coupling τ [5]. For it to be possible, two kinds of operators should
have the same spectrum and degeneracy, and could be related by a unitary transformation
when G = G∗. In this section, we will study the spectrum and eigenstates of the ’t Hooft
operator in YM theory as well as the N = 4 SYM theory. We will show that it is possible
to construct a unitary operator S relating the Wilson operator WR∗(τ ;C) and the ’t Hooft
operator TR∗(−1/τ ;C) when the gauge group is U(N).
So S-transformation could be realized at the kinematical level. At the dynamical level, if
S could also make the Hamiltonian with the coupling −1/τ transformed into the Hamiltonian
with the coupling τ , the theory is S-duality invariant. For N = 4 SYM theory, the condition
for the S-duality invariance is that supercharges should transform with a U(1)Y phase. We will
calculate the supersymmetry variations of the loop operators and provide the evidence for the
U(1)Y transformation of the supercharges under the action of S.
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5.1. Spectrum and eigenstates of the ’t Hooft operator in YM theory
In YM theory with the gauge group G, the complete orthogonal basis of the Hilbert space
H can be selected as {|A〉| ∀ A}. |A〉 is the eigenstate of the Wilson operator WR(C):
WR(C)|A〉 =WR(A;C)|A〉 . (5.1)
To get the eigenstate of the ’t Hooft operator TR(C), note that the action of TR(C) could make
H decomposed into the direct sum of the invariant subspaces, so it is better to first construct
the eigenstate in each subspace.
We may define a loop group L:
L := {UnT (Cn−1)Un−1 · · ·T (C2)U2T (C1)U1| ∀ Ci, Ui, n} , (5.2)
where Ci is the arbitrary spacial loop, Ui ∈ G is a local gauge transformation operator, T (C)
stands for TR(C) with R the fundamental representation. Each loop has the assumed orien-
tation. With the orientation reversed, T (C) → T−1(C). When C shrinks to a point, T (C)
approaches the identity I, so elements in L can all be continuously deformed to I. L is an
infinite dimensional simply continuous group.
The action of L could make {|A〉| ∀ A} divided into the equivalent classes. |A〉 and |A′〉
belong to the same class if ∃ L ∈ L, |A′〉 = L|A〉.
{|A〉| ∀ A} = ∪AˆE(Aˆ) , (5.3)
where
E(Aˆ) := {L|Aˆ〉| ∀ L ∈ L} (5.4)
is an equivalent class with |Aˆ〉 the arbitrary element in it. For the arbitrary representation
R, TR(C) can always be decomposed as the product of T (C) and U , so TR(C) ∈ L. Suppose
H[E(Aˆ)] is the sub-Hilbert space generated by E(Aˆ), ∀ U ∈ G, ∀ |A〉 ∈ E(Aˆ), UTR(C)U−1|A〉 ∈
E(Aˆ) and then TR(C)|A〉 ∈ H[E(Aˆ)]. H can be decomposed as
H = ⊕Aˆ H[E(Aˆ)] , (5.5)
with H[E(Aˆ)] a subspace invariant under the action of TR(C).
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We can first construct the eigenstate of TR(C) in each H[E(Aˆ)]. Let
|D〉(Aˆ′,A) =
∫
dL g−1(LA)|LAˆ′〉 , (5.6)
where the first Aˆ′ in (Aˆ′, A) means it is a state in H[E(Aˆ′)] and the second means it is to be
built with the eigenvalue WR(A;C). The integration is taken over the group L with dL the
invariant measure, d(LL′) = d(L′L) = dL. |D〉(Aˆ′,A) is R and C independent by construction.
g(A) = exp{− iX(A)
2pi
} with X(A) the Chern-Simons functional.
g(TR(C)A) = W
−1
R (A;C)g(A) . (5.7)
g(UA) = g(A), so
U |D〉(Aˆ′,A) =
∫
dL g−1(LA)|U−1LAˆ′〉 =
∫
d(U−1L) g−1(U−1LA)|U−1LAˆ′〉 = |D〉(Aˆ′,A) , (5.8)
|D〉(Aˆ′,A) ∈ Hph. ∀ L ∈ L, if L = UnT (Cn−1) · · ·T (C2)U2T (C1)U1,
WR(LA;C) = eiL(1,R;C1,C) · · · eiL(1,R;Cn−1,C)WR(A;C) , (5.9)
where we use 1 in L(1, R;Ck, C) to stand for T (Ck) in fundamental representation.
The action of TR(C) on |D〉(Aˆ′,A) is given by
TR(C)|D〉(Aˆ′,A) =
1
dRN(R,C)
∫
DRU UTR(C)|D〉(Aˆ′,A)
=
1
dRN(R,C)
∫
DRU U
∫
dL g−1(LA)|T−1R (C)LAˆ′〉
=
1
dRN(R,C)
∫
DRU U
∫
d(T−1R (C)L) g
−1(TR(C)T−1R (C)LA)|T−1R (C)LAˆ′〉
=
1
dRN(R,C)
∫
DRU U
∫
dL g−1(TR(C)LA)|LAˆ′〉
=
1
dRN(R,C)
∫
DRU
∫
dL WR(LA;C)g
−1(LA)|U−1LAˆ′〉
=
1
dRN(R,C)
∫
DRU
∫
dL WR(ULA;C)g
−1(LA)|LAˆ′〉
=
∫
dLWR(LA;C)g−1(LA)|LAˆ′〉
=WR(A;C)
∫
dL eiL(1,R;C1,C) · · · eiL(1,R;Cn−1,C)g−1(LA)|LAˆ′〉 . (5.10)
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When G = SU(N), for R labeled by ~m, from (3.31),
eiL(1,R;Ck,C) = exp{−2piil(C,Ck)
N
r∑
A=1
mA} = (Z
∑r
A=1mA)−l(C,Ck) , (5.11)
TR(C)|D〉(Aˆ′,A) =WR(A;C)
∫
dL (Z
∑r
A=1mA)−
∑n−1
k=1 l(C,Ck)g−1(LA)|LAˆ′〉 . (5.12)
|D〉(Aˆ′,A) is the eigenstate of TR(C) with the eigenvalue WR(A;C) if and only if
∑r
A=1 mA =
pN for some integer p. In this case, the highest weight of R is also in the magnetic lattice
Υ∗(SU(N)) = Υ(SU(N)/ZN) ⊂ Υ(SU(N)). R is also the dual representation of SU(N), or
equivalently, the representation of SU(N)/ZN , and could be written as R
∗. For example, when
G = SU(2), ’t Hooft operator labeled by the integer spin could have the same eigenvalue as
the Wilson operator labeled by the same integer.
When G = U(N), Υ∗(U(N)) = Υ(U(N)), the representation and its dual are identical. For
the arbitrary R, eiL(1,R;Ck,C) = 1,
TR(C)|D〉(Aˆ′,A) =WR(A;C)|D〉(Aˆ′,A) . (5.13)
S-transformation is expected to make TR∗(C) in theory with the group G mapped into
WR∗(C) in theory with the group G∗ [5]. The necessity to replace TR(C) by TR∗(C) is also
demonstrated by (5.12). From (2.5), eiL(1,R
∗;Ck,C) = 1, so
WR∗(LA;C) =WR∗(A;C) , ∀ L ∈ L (5.14)
and
TR∗(C)|D〉(Aˆ′,A) =WR∗(A;C)|D〉(Aˆ′,A) . (5.15)
∀ Aˆ′, A, R∗, C, |D〉(Aˆ′,A) ∈ H[E(Aˆ′)] is an eigenstate of TR∗(C) with the eigenvalueWR∗(A;C).
The conjugation of TR∗(C) is
T +R∗(C) =
1
dR∗N(R∗,C)
∫
DR∗U UT
−1
R∗ (C)U
−1 (5.16)
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with
T +R∗(C)|D〉(Aˆ′,A) =
∫
dL
1
dR∗N(R∗,C)
∫
DR∗U W
−1
R∗ (ULA;C)g
−1(LA)|LAˆ′〉
=
∫
dLW∗R∗(LA;C)g−1(LA)|LAˆ′〉
=W∗R∗(A;C)|D〉(Aˆ′,A) , (5.17)
where W∗R∗(A;C) = 1dR∗N(R∗,C)
∫
DR∗U W
−1
R∗ (UA;C) is the complex conjugate of WR∗(A;C).
For |D〉(Aˆ′,A), |D〉(Aˆ′,A′′) ∈ H[E(Aˆ′)],
(Aˆ′,A)〈D|TR∗(C)|D〉(Aˆ′,A′′) =WR∗(A;C)(Aˆ′,A)〈D|D〉(Aˆ′,A′′) =WR∗(A′′;C)(Aˆ′,A)〈D|D〉(Aˆ′,A′′) .
(5.18)
When WR∗(A;C) 6=WR∗(A′′;C), (Aˆ′,A)〈D|D〉(Aˆ′,A′′) = 0.
To conclude, in each H[E(Aˆ′)], one may construct |D〉(Aˆ′,A) that is the eigenstate of TR∗(C)
with the eigenvalue WR∗(A;C) for the arbitrary A, R∗ and C. Eigenstates with the different
eigenvalues are orthogonal.
The next problem is whether {|D〉(Aˆ′,A)| ∀A} composes the complete basis for Hph[E(Aˆ′)] or
not. In Appendix B, we will show ∀ L ∈ L,∫
DA g(LA)|D〉(Aˆ′,A) =
∫
DU |ULAˆ′〉 = |LAˆ′〉ph . (5.19)
{|LAˆ′〉ph| ∀ L ∈ L} is the complete basis of Hph[E(Aˆ′)], so {|D〉(Aˆ′,A)| ∀A} will also be the
complete basis for it. In fact, states in {|D〉(Aˆ′,A)| ∀A} are labeled by A, but {|A〉| ∀A} is
already enough to generate the whole Hilbert space H, so we may expect {|D〉(Aˆ′,A)| ∀A} is
over-complete for Hph[E(Aˆ′)]. With {A} decomposed into the equivalent classes generated by
L, we have
{|D〉(Aˆ′,A)| ∀A} = ∪Aˆ{|D〉(Aˆ′,LAˆ)| ∀L ∈ L} . (5.20)
For |D〉(Aˆ′,LAˆ) and |D〉(Aˆ′,L′′Aˆ′′), if E(Aˆ) 6= E(Aˆ′′), there will be WR∗(Aˆ;C) 6= WR∗(Aˆ′′;C)
and then (Aˆ′,LAˆ)〈D|D〉(Aˆ′,L′′Aˆ′′) = 0. On the other hand, states in each {|D〉(Aˆ′,LAˆ)| ∀L ∈ L}
may not be linear independent. Especially, when G = U(1), |D〉(Aˆ′,LAˆ) = |D〉(Aˆ′,Aˆ) so that
{|D〉(Aˆ′,LAˆ)| ∀L ∈ L} reduces to a single state |D〉(Aˆ′,Aˆ). For the generic gauge group, there is
no such relation, but a partial reduction may still exist.
The physical Hilbert space can be decomposed as
Hph = ⊕Aˆ′ Hph[E(Aˆ′)] . (5.21)
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{|D〉(Aˆ′,A)| ∀A} in each Hph[E(Aˆ′)] combining together gives the basis of Hph:
∪Aˆ′ ∪Aˆ{|D〉(Aˆ′,LAˆ)| ∀ L ∈ L} = ∪Aˆ′ ∪Aˆ {|D〉(LAˆ′,Aˆ)| ∀ L ∈ L} . (5.22)
There are two equivalent representations since
|D〉(Aˆ′,LAˆ) =
∫
dL′ g−1(L′LAˆ)|L′Aˆ′〉 =
∫
dL′ g−1(L′Aˆ)|L′L−1Aˆ′〉 = |D〉(L−1Aˆ′,Aˆ) . (5.23)
[TR∗(C1),WR∗(C2)] = 0, (5.22) are also the common eigenstates of WR∗(C) and TR∗(C).
WR∗(C)|D〉(Aˆ′,LAˆ) =WR∗(Aˆ′;C)|D〉(Aˆ′,LAˆ) , TR∗(C)|D〉(Aˆ′,LAˆ) =WR∗(Aˆ;C)|D〉(Aˆ′,LAˆ) , (5.24)
or equivalently,
WR∗(C)|D〉(LAˆ′,Aˆ) =WR∗(Aˆ′;C)|D〉(LAˆ′,Aˆ) , TR∗(C)|D〉(LAˆ′,Aˆ) =WR∗(Aˆ;C)|D〉(LAˆ′,Aˆ) . (5.25)
WR∗(C) and TR∗(C) have the same spectrum and degeneracy.
When the gauge group is U(1), T (C) = T (C), W(C) = W (C),
g(A) = exp{− i
2pi
∫
d3x
1
2
ijkAi∂jAk} = exp{− i
2pi
∫
d3x
1
2
AiB
i} . (5.26)
For |A〉 = |LAˆ〉 and L = UnT (Cn−1) · · ·U2T (C1)U1, Bi = Bˆi + 12
∑n−1
k=1 bi(Ck) with bi given by
(3.19).
g(LAˆ) =
n−1∏
k=1
W−1(Aˆ;Ck)g(Aˆ) = g−1(Aˆ) exp{ i
2pi
∫
d3x Aˆi(−1
2
n−1∑
k=1
bi(Ck)− Bˆi)}
= g−1(Aˆ) exp{− i
2pi
∫
d3x AˆiBi} = g−1(Aˆ) exp{− i
2pi
∫
d3x AiBˆi} , (5.27)
where we have used
W (A;C) = exp{i
∮
C
ds Aix˙
i} = exp{ i
4pi
∫
d3x Aib
i(C)} . (5.28)
Finally,
|D〉(Aˆ′,Aˆ) = g(Aˆ) exp{
i
2pi
∫
d3x (Aˆi − Aˆ′i)Bˆi}
∑
|A′〉∈E(Aˆ′)
exp{ i
2pi
∫
d3x A′iBˆ
i}|A′〉 , (5.29)
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which is just (1.2) with the integration over A′ restricted in |A′〉 ∈ E(Aˆ′) in order to be the
common eigenstate of T (C) and W (C).
5.2. Mapping of the loop operators
(5.24) and (5.25) exhibit the symmetry between TR∗(C) and WR∗(C). When G = U(N),
one may construct the unitary operator S with
S−1TR∗(C)S =WR∗(C) , S−1WR∗(C)S = T +R∗(C) . (5.30)
S2 is the charge conjugation operator with
S−2TR∗(C)S2 = T +R∗(C) , S−2WR∗(C)S2 =W+R∗(C) , (5.31)
S2|A〉 = |AC〉 . (5.32)
For A = AM tM , M = 1, 2, · · · , dimG, the charge conjugate configuration is AC = −AM tM∗
[14, 15].
WR∗(AC ;C) =W∗R∗(A;C) , g(AC) = g(A) . (5.33)
The charge conjugation of the potential LA is L∗AC . If L = UnT (Cn−1) · · ·T (C1)U1, L∗ =
U∗nT
−1(Cn−1) · · ·T−1(C1)U∗1 . For |D〉(A′,A) =
∫
dL g−1(LA)|LA′〉,
S2|D〉(A′,A) =
∫
dL g−1(LA)S2|LA′〉 =
∫
dL g−1(LA)|L∗A′C〉
=
∫
dL∗ g−1(L∗AC)|L∗A′C〉 =
∫
dL g−1(LAC)|LA′C〉 = |D〉(A′C ,AC) . (5.34)
For (5.30) to be satisfied, the action of S on |D〉(Aˆ′,LAˆ) must be
S|D〉(Aˆ′,LAˆ) =
∫
dL′ f(Aˆ′, Aˆ, L, L′)|D〉(AˆC ,L′Aˆ′) (5.35)
for some function f . Although the representative Aˆ can be the arbitrary element in the equiv-
alent class E(Aˆ), we have selected a special set of Aˆ with {Aˆ} = {AˆC}. Since S2|D〉(Aˆ′,LAˆ) =
|D〉(Aˆ′C ,L∗AˆC), f should satisfy∫
dL′ f(Aˆ′, Aˆ, L, L′)f(AˆC , Aˆ′, L′, L′′) = δ(L′′ − L∗) . (5.36)
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|D〉(Aˆ′,LAˆ) composes the complete basis for Hph, so with such f given, S can be determined.
When G = U(1), |D〉(Aˆ′,LAˆ) = |D〉(Aˆ′,Aˆ),
S|D〉(Aˆ′,Aˆ) = f(Aˆ′, Aˆ)|D〉(AˆC ,Aˆ′) (5.37)
for some function f satisfying f(Aˆ′, Aˆ)f(AˆC , Aˆ′) = 1.
As for the action of S on {|A〉ph| ∀ A}, from
|A′〉ph = |LAˆ′〉ph =
∫
DA g(LA)|D〉(Aˆ′,A) , (5.38)
we have
S|A′〉ph = S|LAˆ′〉ph =
∫
DAˆ
∫
dL′′
∫
dL′ g(LL′Aˆ)f(Aˆ′, Aˆ, L′, L′′)|D〉(AˆC ,L′′Aˆ′)
=
∫
DA h(A′, A)|D〉(A,A′) := |D〉A′ . (5.39)
In this way, ∀ |A〉ph, the S-dual state S|A〉ph := |D〉A can be obtained.
TR∗(C)|D〉A =WR∗(A;C)|D〉A . (5.40)
{|A〉ph| ∀ A} and {|D〉A| ∀ A} compose two sets of complete orthogonal bases for Hph.
S|A〉ph = |D〉A , S|D〉A = |AC〉ph . (5.41)
When G = U(1), |D〉(Aˆ′,LAˆ) = |D〉(L−1Aˆ′,Aˆ) = |D〉(Aˆ′,Aˆ), S|D〉(Aˆ′,Aˆ) = f(Aˆ′, Aˆ)|D〉(−Aˆ,Aˆ′),
AC = −A, if f is selected as
f(Aˆ′, Aˆ) = exp{ i
4pi
∫
d3x (BˆiAˆ
i − 2BˆiAˆ′i − Bˆ′iAˆ′i)} , (5.42)
there will be
S|A〉ph = |D〉A =
∫
DAˆ′ g−1(A) exp{ i
2pi
∫
d3x (Aˆ′i − Ai)Bi}|D〉(Aˆ′,A)
=
∫
DA′ exp{ i
2pi
∫
d3x ijkA′i∂jAk}|A′〉 , (5.43)
which is the S-dual state in (1.2).
The spectrum of TR∗(C) and WR∗(C) are highly degenerate, so (5.30) can only make S
determined up to S ∼ V S with [V, TR∗(C)] = [V,WR∗(C)] = 0, which is also reflected in the
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ambiguity of f in (5.35). On the other hand, flux operators have the reduced degeneracy.
Let TR∗(C) = eitR∗ (C), WR∗(C) = eiwR∗ (C) with tR∗(C) and wR∗(C) the corresponding flux
operators, the mapping
S−1tR∗(C)S = wR∗(C) , S−1wR∗(C)S = −t+R∗(C) (5.44)
could fix S further as is in U(1) case.
The above discussion on loop operators has the simple analogy in one dimensional quantum
mechanics. The position and momentum operators are X and P , [X,P ] = i, eiXe2piiP =
e2piiP eiX . {|x〉| ∀ x ∈ R} can be divided into the equivalent classes generated by e2piiP :
{|x〉| ∀ x ∈ R} = ∪xˆ∈[−pi,pi)E(xˆ) (5.45)
where
E(xˆ) := {|xˆ+ 2kpi〉| ∀ k ∈ Z} . (5.46)
Eigenstate of e2piiP in each H[E(xˆ′)] can be constructed as
|D〉(xˆ′,xˆ) =
∑
k
exp{ i
2pi
(
xˆ
2
+ 2kpi)2}|xˆ′ + 2kpi〉 (5.47)
with
e2piiP |D〉(xˆ′,xˆ) = eixˆ|D〉(xˆ′,xˆ) , xˆ ∈ [−pi, pi) . (5.48)
The discrete {|xˆ′ + 2kpi〉| ∀ k ∈ Z} labeled by k and the continuous {|D〉(xˆ′,xˆ)| ∀ xˆ ∈ [−pi, pi)}
labeled by xˆ compose two sets of orthogonal bases for H[E(xˆ′)]. The mapping between eiX and
e2piiP is realized in H. ∀ x ∈ R, one may define
|D〉x =
∫ pi
−pi
dxˆ′ eih(xˆ
′,x)|D〉(xˆ′,x) . (5.49)
The unitary operator U with U |x〉 = |D〉x, U |D〉x = | − x〉 will make
U−1e2piiPU = eiX , U−1eiXU = e−2piiP . (5.50)
The requirement (5.50) cannot uniquely fix U due to the degeneracies in the spectra of eiX and
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e2piiP . When eih(xˆ
′,x) = e−
ix(x−4xˆ′)
8pi ,
|D〉x =
∫ ∞
−∞
dx′ e
ixx′
2pi |x′〉 (5.51)
is the momentum eigenstate, and the operator U making
U−1PU =
X
2pi
, U−1XU = −2piP (5.52)
is the duality operator in quantum mechanics.
[eiX , e2piiP ] = 0, |D〉(xˆ′,xˆ) is the common eigenstate of eiX and e2piiP with
eiX |D〉(xˆ′,xˆ) = eixˆ′ |D〉(xˆ′,xˆ) , e2piiP |D〉(xˆ′,xˆ) = eixˆ|D〉(xˆ′,xˆ) . (5.53)
U |D〉(xˆ′,xˆ) = exp{ i
8pi
(xˆ2 − 4xˆxˆ′ − xˆ′2)}|D〉(−xˆ,xˆ′) . (5.54)
Aside from {|x〉| ∀ x ∈ R} and {|p〉| ∀ p ∈ R}, we get another set of complete orthogonal basis
{|D〉(xˆ′,xˆ)| ∀ xˆ′, xˆ ∈ [−pi, pi)} for H parametrized by points in a square. {xˆ | xˆ ∈ [−pi, pi)} ∼
{k | k ∈ Z}, so {(xˆ′, xˆ) | xˆ′, xˆ ∈ [−pi, pi)} ∼ {(xˆ′, k) | xˆ′ ∈ [−pi, pi), k ∈ Z} ∼ {xˆ′ + 2kpi | xˆ′ +
2kpi ∈ R}. The three sets of bases have the same degrees of freedom.
5.3. Modified ’t Hooft operator
The standard ’t Hooft operator TR(C) satisfies the commutation relation
TR(C1)WR′(C2) =WR′(C2)TR(C1) exp{iL(R,R′;C1, C2)} . (5.55)
For an operator Y (C) built from A, if [TR(C), Y (C)] = 0, Y
−1(C) = Y +(C), let
T ′R(C) =
1
dRN(R,C)
∫
DRU UT
′
R(C)U
−1 =
1
dRN(R,C)
∫
DRU U [TR(C)Y (C)]U
−1 , (5.56)
then T ′R(C) still satisfies
T ′R(C1)WR′(C2) =WR′(C2)T ′R(C1) exp{iL(R,R′;C1, C2)} . (5.57)
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If there is a gauge invariant operator K(A) with
T−1R (C)K(A)TR(C) = K(TR(C)A) = Y (A,C)K(A) , (5.58)
then
K(A)TR(C)K
−1(A) = TR(C)Y (C) , (5.59)
K(A)TR(C)K−1(A) = 1
dRN(R,C)
∫
DRU U [TR(C)Y (C)]U
−1 = T ′R(C) . (5.60)
T ′R(C) and TR(C) are similar.
(5.58) could be taken as an integration equation for K(A) with the integrable condition
Y (TR(C2)A,C1)Y
−1(A,C1) = Y (TR(C1)A,C2)Y −1(A,C2) (5.61)
coming from the commutation relation [T ′R(C1), T
′
R(C2)] = 0. If (5.61) is not satisfied, T
′
R(C1)
and T ′R(C2) do not commute. Even though, T
′
R(C) and TR(C) can still be similar, but are
related by a C-dependent operator K(A,C).
When Y (A,C) = WR(A,C), K(A) = g(A), (5.59) and (5.60) become
g(A)TR(C)g
−1(A) = TR(C)WR(C) (5.62)
and
g(A)TR(C)g−1(A) = T ′R(C) , (5.63)
where
T ′R(C) =
1
dRN(R,C)
∫
DRU U [TR(C)WR(C)]U
−1 . (5.64)
This is the T-transformation of the ’t Hooft operator.
5.4. ’t Hooft operator in path integral formalism and canonical formalism
t Hooft operator is usually defined in path integral formalism [7]. We will study the relation
between the canonical and path integral formulations of the ’t Hooft operator and extract the
former from the latter.
In path integral formulation, ’t Hooft operator is introduced by expanding quantum fields
around the singular configurations. For the globally defined gauge potential Aµ, the Bianchi
identity is automatically satisfied:
µνρσDνFρσ = 0 , (5.65)
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where
Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ] . (5.66)
With the current jµ given,
µνρσDνFρσ = j
µ (5.67)
also has the solution Gµ, which is not globally defined. With Gµ plugged in, (5.67) could reduce
to
2µνρσ∂ν∂ρGσ = j
µ . (5.68)
To get the ’t Hooft operator TR∗(C) for a spatial loop C at the time t = t0, jµ is taken to be
j0 = 0 , ji = 2H∗~mb
iδ(t− t0) . (5.69)
The corresponding Gµ is solved as
Gi = 0 , G0 = −H∗~mωδ(t− t0) . (5.70)
bi = ijk∂jak. b
i, ω and ai are given by (3.19), (3.11) and (3.12). ω(ΣC , x) jumps 4pi when
x crosses ΣC , but e
iω is continuous except for the singularity at C. ai is not a pure gauge,
nevertheless, ai = −ie−iω∂ieiω, so locally, ai = ∂iω. With (5.70) and (5.69) plugged in (5.68),
2ijk0∂j∂kG0 = 2H
∗
~m
ijk∂j∂kωδ(t− t0) = 2H∗~mijk∂jakδ(t− t0) = 2H∗~mbiδ(t− t0) = ji
20ijk∂i∂jGk = 0 . (5.71)
In (5.68), Gµ is determined up to the addition of an arbitrary globally defined gauge potential
A˜µ. The generic solution of (5.67) is Aµ = Gµ + A˜µ.
Fµν = F˜µν + D˜µGν − D˜νGµ − i[Gµ, Gν ] , (5.72)
where F˜µν = ∂µA˜ν − ∂νA˜µ − i[A˜µ, A˜ν ], D˜µf = ∂µf − i[A˜µ, f ]. If the background Gµ is taken to
be (5.70),
Fij = F˜ij , Fi0 = F˜i0 + D˜iG0 . (5.73)
Consider the YM theory with the gauge group G and the coupling constant τ , τ = τ1 + iτ2.
According to the relation between the YM theory and D3 branes in type IIB string theory,
τ2 = 1/gs, where gs is the type IIB string coupling constant. The gauge coupling is g =
√
2pigs.
1/g2 = τ2
2pi
. In presence of the ’t Hooft operator, the gauge potential should be Aµ = Gµ + A˜µ
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and the action becomes
S =
τ2
2pi
∫
d4x tr(−1
4
FµνF
µν +
τ1
8τ2
µνρσFµνFρσ)
=
τ2
2pi
∫
d4x tr(−1
4
F˜µνF˜
µν +
τ1
8τ2
µνρσF˜µνF˜ρσ + F˜i0D˜
iG0 +
1
2
D˜iG0D˜
iG0 − τ1
2τ2
ijkF˜ijD˜kG0)
= S˜ +
1
2pi
∫
d3x tr[−τ2F˜i0D˜i(H∗~mω) +
τ2
2
δ(0)D˜i(H
∗
~mω)D˜
i(H∗~mω) + τ1B˜iD˜
i(H∗~mω)] , (5.74)
where
S˜ =
τ2
2pi
∫
d4x tr(−1
4
F˜µνF˜
µν +
τ1
8τ2
µνρσF˜µνF˜ρσ) (5.75)
is the YM action for A˜. The path integral measure is DA = DA˜. A˜ is the dynamical field with
the modified action S. In temporal gauge, Π˜i = − τ22pi F˜i0 + τ12pi B˜i, so replacing S˜ by S amounts
to adding the operator
T ′R∗(C) = exp{i
∫
d3x tr[Π˜iD˜
i(H∗~mω) +
τ2
4pi
δ(0)D˜i(H
∗
~mω)D˜
i(H∗~mω)]} (5.76)
into the path integral. T ′R∗(C) = TR∗(C)Y (C), where
TR∗(C) = exp{i
∫
d3x tr[Π˜iD˜
i(H∗~mω)]} = exp{i
∫
d3x tr(H∗~mΠ˜
iai − i[Π˜i, A˜i]H∗~mω)} (5.77)
is the standard ’t Hooft operator in canonical formulation [12],
Y (C) = exp{i
∫
d3x tr[
τ2
4pi
δ(0)D˜i(H
∗
~mω)D˜
i(H∗~mω)]} (5.78)
is an operator constructed from A˜. T ′R∗(C) and TR∗(C) are equivalent if the suitable K(A) can
be found as is in (5.59).
Aµ = Gµ + A˜µ, under the gauge transformation U ,
Gµ → uGµu−1 A˜i → uA˜iu−1 + iu∂iu−1 ji → ujiu−1 . (5.79)
To preserve the gauge invariance, the path integral should cover the background uGµu
−1 for
the arbitrary U . The obtained gauge invariant ’t Hooft operator is
T ′R∗(C) =
1
dR∗N(R∗,C)
∫
DR∗U UT
′
R∗(C)U
−1 . (5.80)
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Under the T-transformation, Π˜i → Π˜i + B˜i2pi . From (5.77),
TR∗(C)→ exp{i
∫
d3x tr[Π˜iD˜
i(H∗~mω)] +
1
2pi
tr[B˜iD˜
i(H∗~mω)]}
= exp{i
∫
d3x tr[Π˜iD˜
i(H∗~mω)]} exp{i
∮
C
ds 2tr(H∗~mA˜i)x˙
i} = TR∗(C)WR∗(C) ,
(5.81)
while
TR∗(C)→ 1
dR∗N(R∗,C)
∫
DR∗U U [TR∗(C)WR∗(C)]U
−1 . (5.82)
This is the manifestation of the T-transformation rule in path integral formalism.
In canonical formulation, ’t Hooft operator, in parallel with the Wilson operator, is deter-
mined by the field content with no dynamical information involved. But in path integral formal-
ism, ’t Hooft operator is action-dependent. T ′R∗(C) = 1dR∗N(R∗,C)
∫
DR∗U U [TR∗(C)Y (C)]U
−1,
where Y (C) depends on the concrete form of the action. It is expected that T ′R∗(C) and TR∗(C)
are equivalent.
The above discussion can be extended to N = 4 SYM theory. The Lagrangian is
L =
τ2
2pi
tr{−1
4
FµνF
µν +
τ1
8τ2
µνρσFµνFρσ − iΨ¯aσ¯µDµΨa − 1
2
DµΦ
IDµΦI
+
1
2
CabI Ψa[Φ
I ,Ψb] +
1
2
C¯IabΨ¯
a[ΦI , Ψ¯b] +
1
4
[ΦI ,ΦJ ]2} , (5.83)
µ, ν = 0, 1, 2, 3, a, b = 1, 2, 3, 4, I, J = 1, 2, · · · , 6. Aside from the gauge potential Aµ, back-
ground fields for the scalar ΦI and fermion Ψa can also be introduced [7]:
Aµ = Gµ + A˜µ Φ
I = φI + Φ˜I Ψa = ψa + Ψ˜a . (5.84)
φI and ψa satisfy
∂µ∂µφ
I(x) = 2(
τ2
2pi
)−
1
2H∗~m
∮
C
ds λI(s)δ4[x− x¯(s)] (5.85)
and
σµ∂µψ
a(x) = −2( τ2
2pi
)−
1
2H∗~m
∮
C
ds λa(s)δ4[x− x¯(s)] (5.86)
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for some functions λI(s) and λa(s) on the loop C. The Lagrangian can be expanded as
L = L˜+ tr{ 1
2pi
(τ2F˜i0 − τ1B˜i)D˜iG0 − τ2
2pi
( ¯˜Ψaσ¯0[G0, Ψ˜a] + i∂0Φ˜
I [G0, Φ˜
I ])
− τ2
2pi
∂µφ
I∂µΦ˜I +
iτ2
2pi
∂µψ¯
aσ¯µΨ˜a − iτ2
2pi
¯˜Ψaσ¯µ∂µψa + r(τ ; A˜µ, Φ˜
I , Ψ˜a;Gµ, φ
I , ψa)}
∼ L˜+ tr{ 1
2pi
(τ2F˜i0 − τ1B˜i)D˜iG0 − τ2
2pi
( ¯˜Ψaσ¯0[G0, Ψ˜a] + i∂0Φ˜
I [G0, Φ˜
I ])
+ 2(
τ2
2pi
)
1
2
∮
C
ds H∗~mΦ˜Iλ
I(s)δ4[x− x¯(s)] + 2i( τ2
2pi
)
1
2
∮
C
ds H∗~m(Ψ˜
+
a − Ψ˜a)λa(s)δ4[x− x¯(s)]
+ r(τ ; A˜µ, Φ˜
I , Ψ˜a;Gµ, φ
I , ψa)} . (5.87)
Canonical quantization of L˜ in temporal gauge gives
Π˜i = − τ2
2pi
F˜i0 +
τ1
2pi
B˜i , Π˜
I =
τ2
2pi
∂0Φ˜
I , Π˜a =
iτ2
2pi
¯˜Ψaσ¯0 . (5.88)
So adding the background fields amounts to adding the operator
T ′R∗(τ ;λ
I , λa, C)
= exp{i
∫
d4x tr(−Π˜iD˜iG0 + iΠ˜a[G0, Ψ˜a]− iΠ˜I [G0, Φ˜I ] + 2( τ2
2pi
)
1
2
∮
C
ds H∗~mΦ˜Iλ
I(s)δ4[x− x¯(s)]
+ 2i(
τ2
2pi
)
1
2
∮
C
ds H∗~m(Ψ˜
+
a − Ψ˜a)λa(s)δ4[x− x¯(s)] + r(τ ; A˜µ, Φ˜I , Ψ˜a;Gµ, φI , ψa))}
= exp{i
∫
d3x tr(Π˜iD˜
i(H∗~mω)− iΠ˜a[H∗~mω, Ψ˜a] + iΠ˜I [H∗~mω, Φ˜I ])}
exp{i( τ2
2pi
)
1
2
∮
C
ds 2tr(H∗~mΦ˜I)λ
I} exp{−( τ2
2pi
)
1
2
∮
C
ds 2tr[H∗~m(Ψ˜
+
a − Ψ˜a)]λa}
exp{i
∫
d4x r(τ ; A˜µ, Φ˜
I , Ψ˜a;Gµ, φ
I , ψa)}
= TR∗(C)W
Φ˜
R∗(τ ;λ
I , C)W Ψ˜R∗(τ ;λ
a, C)Y (τ ;λI , λa, C) (5.89)
into the path integral.
TR∗(C) = exp{i
∫
d3x tr(Π˜iD˜
i(H∗~mω)− iΠ˜a[H∗~mω, Ψ˜a] + iΠ˜I [H∗~mω, Φ˜I ])} (5.90)
is the standard ’t Hooft operator generating the singular gauge transformation in N = 4 SYM
theory.
W Φ˜R∗(τ ;λ
I , C) = exp{i( τ2
2pi
)
1
2
∮
C
ds 2tr(H∗~mΦ˜I)λ
I} (5.91)
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and
W Ψ˜R∗(τ ;λ
a, C) = exp{−( τ2
2pi
)
1
2
∮
C
ds 2tr[H∗~m(Ψ˜
+
a − Ψ˜a)]λa} (5.92)
are Wilson loops for Φ˜ and Ψ˜.
Y (τ ;λI , λa, C) = exp{i
∫
d4x r(τ ; A˜µ, Φ˜
I , Ψ˜a;Gµ, φ
I , ψa)} (5.93)
is an operator constructed from A˜i, Φ˜
I , Ψ˜a, whose form depends on action as well as the explicit
solutions for φI and ψa.
Under the local gauge transformation U ,
H∗~mω → u(H∗~mω)u−1 φI → uφIu−1 ψa → uψau−1
A˜i → uA˜iu−1 + iu∂iu−1 Φ˜I → uΦ˜Iu−1 Ψ˜I → uΨ˜Iu−1 . (5.94)
The path integral should cover the background {u(H∗~mω)u−1, uφIu−1, uψau−1} for all of U and
the final gauge invariant ’t Hooft operator is
T ′R∗(τ ;λI , λa, C) =
1
dR∗N(R∗,C)
∫
DR∗U UT
′
R∗(τ ;λ
I , λa, C)U−1 . (5.95)
5.5. Spectrum and eigenstates of ’t Hooft operator in N = 4 SYM theory
In canonical quantization formalism, for N = 4 SYM theory with the coupling constant
τ = τ1 + iτ2 and the gauge group G, the canonical coordinate is Λ := (Ai,Φ
I ,Ψa) with the
conjugate momentum (Πi,ΠI ,Πa). The generic supersymmetric Wilson operator labeled by R
∗
is
WR∗(τ ;λI , λa, C) = 1
dR∗
trP exp{i
∮
C
ds (AiR∗x˙i + (
τ2
2pi
)
1
2 ΦIR∗λI + (
τ2
2pi
)
1
2 ΨaR∗λa)} , (5.96)
where λI(s) and λa(s) are the arbitrary scalar and spinor functions periodic on the loop C,
AR∗ ,ΦR∗ ,ΨR∗ are fields in representation R
∗ [16, 17]. Similar with (3.8), (5.96) can also be
equivalently written as
WR∗(τ ;λI , λa, C) = 1
dR∗N(R∗,C)
∫
DR∗U UWR∗(τ ;λ
I , λa, C)U−1 , (5.97)
where
WR∗(τ ;λ
I , λa, C) = WAR∗(C)W
Φ
R∗(τ ;λ
I , C)WΨR∗(τ ;λ
a, C) , (5.98)
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WAR∗(C) = exp{i
∮
C
ds 2tr(H∗~mAi)x˙
i} ,
WΦR∗(τ ;λ
I , C) = exp{i( τ2
2pi
)
1
2
∮
C
ds 2tr(H∗~mΦI)λ
I} ,
WΨR∗(τ ;λ
a, C) = exp{i( τ2
2pi
)
1
2
∮
C
ds 2tr(H∗~mΨa)λ
a} . (5.99)
Suppose |Λ〉 := |Ai,ΦI ,Ψa〉 is the common eigenstate of (Ai,ΦI ,Ψa),
WR∗(τ ;λI , λa, C)|Λ〉 =WR∗(Λ; τ ;λI , λa, C)|Λ〉 . (5.100)
The corresponding supersymmetric ’t Hooft operator is
TR∗(τ ;λI , λa, C) = 1
dR∗N(R∗,C)
∫
DR∗U UTR∗(τ ;λ
I , λa, C)U−1 (5.101)
with
TR∗(τ ;λ
I , λa, C) = TR∗(C)W
Φ
R∗(τ ;λ
I , C)WΨR∗(τ ;λ
a, C) . (5.102)
As the generalization of (3.17) in N = 4 SYM theory, the action of TR(C) on |Ai,ΦI ,Ψa〉 is:
TR(C)|Ai,ΦI ,Ψa〉 = |Ω¯~m(C)AiΩ¯−1~m (C)−H~mai(C), Ω¯~m(C)ΦIΩ¯−1~m (C), Ω¯~m(C)ΨaΩ¯−1~m (C)〉 .
(5.103)
Loop operators given above satisfy the commutation relation
TR(C1)WR′(τ ;λI2, λa2, C2) =WR′(τ ;λI2, λa2, C2)TR(C1) exp{iL(R,R′;C1, C2)} (5.104)
as well as
TR(τ ;λI1, λa1, C1)WR′(τ ;λI2, λa2, C2) =WR′(τ ;λI2, λa2, C2)TR(τ ;λI1, λa1, C1) exp{iL(R,R′;C1, C2)} .
(5.105)
Especially, when R and R′ are representations of G and G∗, or when G = U(N),
TR(C1)WR′(τ ;λI2, λa2, C2) =WR′(τ ;λI2, λa2, C2)TR(C1) , (5.106)
TR(τ ;λI1, λa1, C1)WR′(τ ;λI2, λa2, C2) =WR′(τ ;λI2, λa2, C2)TR(τ ;λI1, λa1, C1) . (5.107)
Similar with the previous discussion, complete orthogonal basis of the Hilbert space H can
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be selected as {|Λ〉| ∀Λ}, and {|Λ〉| ∀Λ} = ∪ΛˆE(Λˆ), where
E(Λˆ) := {L|Λˆ〉 | ∀ L ∈ L} = {|LΛˆ〉 | ∀ L ∈ L} (5.108)
is the equivalent class generated by the loop group L with Λˆ an arbitrary element in it.
L := {UnT (Cn−1)Un−1 · · ·T (C2)U2T (C1)U1| ∀ Ci, Ui, n} . (5.109)
T (Ci) stands for TR(Ci) with R the fundamental representation. Restricted in physical Hilbert
space Hph, ’t Hooft operators commute with each other,
[TR1(τ ;λI1, λa1, C1), TR2(τ ;λI2, λa2, C2)] = 0 . (5.110)
In each sub-Hilbert space H[E(Λˆ)] generated by E(Λˆ), common eigenstates of TR∗(τ ;λI , λa, C)
can be constructed as
|D〉(Λˆ′,Λ) =
∫
dL g−1(LA)|LΛˆ′〉 (5.111)
with Λˆ′ = (Aˆ′i, Φˆ
I , Ψˆa), Λ = (Ai, Φˆ
I , Ψˆa). The first Λˆ′ in (Λˆ′,Λ) means |D〉(Λˆ′,Λ) ∈ H[E(Λˆ′)] and
the second means it is to be built with the eigenvalue WR∗(Λ; τ ;λI , λa, C). ∀ L ∈ L,
WR∗(LΛ; τ ;λI , λa, C) =WR∗(Λ; τ ;λI , λa, C) . (5.112)
U |D〉(Λˆ′,Λ) = |D〉(Λˆ′,Λ), |D〉(Λˆ′,Λ) ∈ Hph.
TR∗(τ ;λI , λa, C)|D〉(Λˆ′,Λ)
=
1
dR∗N(R∗,C)
∫
DR∗U UTR∗(C)W
Φ
R∗(τ ;λ
I , C)WΨR∗(τ ;λ
a, C)|D〉(Λˆ′,Λ)
=
1
dR∗N(R∗,C)
∫
DR∗U U
∫
dL WΦR∗(LΦˆ
I ; τ ;λI , C)WΨR∗(LΨˆ
a; τ ;λa, C)g−1(LA)|T−1R∗ (C)LΛˆ′〉
=
1
dR∗N(R∗,C)
∫
DR∗U U
∫
dL WΦR∗(LΦˆ
I ; τ ;λI , C)WΨR∗(LΨˆ
a; τ ;λa, C)WAR∗(LA;C)g
−1(LA)|LΛˆ′〉
=
1
dR∗N(R∗,C)
∫
DR∗U
∫
dL WΦR∗(ULΦˆ
I ; τ ;λI , C)WΨR∗(ULΨˆ
a; τ ;λa, C)WAR∗(ULA;C)g
−1(LA)|LΛˆ′〉
=
∫
dLWR∗(LΛ; τ ;λI , λa, C)g−1(LA)|LΛˆ′〉
=WR∗(Λ; τ ;λI , λa, C)|D〉(Λˆ′,Λ) . (5.113)
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TR∗(τ ;λI , λa, C)|D〉(Λˆ′,Λ) =WR∗(Λ; τ ;λI , λa, C)|D〉(Λˆ′,Λ) . (5.114)
The action of T +R∗ is given by
T +R∗(τ ;λI , λa, C)|D〉(Λˆ′,Λ) =W∗R∗(Λ; τ ;λI , λa, C)|D〉(Λˆ′,Λ) . (5.115)
So for |D〉(Λˆ′,Λ) and |D〉(Λˆ′,Λ′′) with Λˆ′ = (Aˆ′i, ΦˆI , Ψˆa), Λ = (Ai, ΦˆI , Ψˆa), Λ′′ = (A′′i , ΦˆI , Ψˆa),
(Λˆ′,Λ)〈D|D〉(Λˆ′,Λ′′) = 0 (5.116)
if WR∗(Λ; τ ;λI , λa, C) 6= WR∗(Λ′′; τ ;λI , λa, C). Moreover, in analogy with the discussion in
Appendix B, we have ∫
DA g(LA)|D〉(Λˆ′,Λ) = |LΛˆ′〉ph , (5.117)
so {|D〉(Λˆ′,Λ)| ∀ A} forms the complete basis of Hph[E(Λˆ′)].
To summarize, in the sub-Hilbert space Hph[E(Aˆ′i, ΦˆI , Ψˆa)], one may construct |D〉(Λˆ′,Λ)
which is the eigenstate of TR∗(τ ;λI , λa, C) with the eigenvalue WR∗(Ai, ΦˆI , Ψˆa; τ ;λI , λa, C) for
the arbitrary R∗, A, λI , λa, C. Eigenstates with the different eigenvalues are orthogonal, and
altogether compose the complete basis for Hph[E(Aˆ′i, ΦˆI , Ψˆa)].
In U(1) case,
T (τ ;λI , λa, C) = T (τ ;λI , λa, C) = T (C)WΦ(τ ;λI , C)WΨ(τ ;λa, C) . (5.118)
The loop group L only acts on A, so |D〉(Λˆ′,Λ) = |D〉(Aˆ′,A)|Φˆ, Ψˆ〉 with |D〉(Aˆ′,A) = |D〉(Aˆ′,Aˆ) given
by (5.29).
5.6. Modified supersymmetric ’t Hooft operator
There is no exact distinction between the spectrum of
WR(τ ;λI , λa, C) = 1
dR
trP exp{i
∮
C
(AiRdxi + (
τ2
2pi
)
1
2 ΦIRλIds+ (
τ2
2pi
)
1
2 ΨaRλads)} (5.119)
and the spectrum of
WR(C) = 1
dR
trP exp{i
∮
C
(AiRdxi)} . (5.120)
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Suppose yI(x) and za(x) are functions specifying a three dimensional hypersurface in superspace
(xi, yI , za), for the special λI and λa with λI = ∂iy
I x˙i, λa = ∂iz
ax˙i,
AiRdxi + (
τ2
2pi
)
1
2 ΦIRλIds+ (
τ2
2pi
)
1
2 ΨaRλads = A
i
Rdxi + (
τ2
2pi
)
1
2 ΦIRdyI + (
τ2
2pi
)
1
2 ΨaRdza , (5.121)
WR(τ ;λI , λa, C) = 1
dR
trP exp{i
∮
C
ds [AiR + (
τ2
2pi
)
1
2 ΦIR∂
iyI + (
τ2
2pi
)
1
2 ΨaR∂
iza]x˙i} . (5.122)
WR(τ ;λI , λa, C) could be taken as the Wilson loop of the gauge potential
A
′i
R = A
i
R + (
τ2
2pi
)
1
2 ΦIR∂
iyI + (
τ2
2pi
)
1
2 ΨaR∂
iza . (5.123)
Let
p(τ ; Λ; y, z) = exp{i
∫
d3x (
τ2
2pi
)
1
2 tr[(ΦI∂iy
I + Ψa∂iz
a)Πi]} , (5.124)
for λI = ∂iy
I x˙i, λa = ∂iz
ax˙i, there will be
p(τ ; Λ; y, z)WAR (C)p
−1(τ ; Λ; y, z) = WAR (C)W
Φ
R (τ ;λ
I , C)WΨR (τ ;λ
a, C) (5.125)
and
p(τ ; Λ; y, z)WR(C)p−1(τ ; Λ; y, z) =WR(τ ;λI , λa, C) . (5.126)
The corresponding supersymmetric ’t Hooft operator TR(τ ;λI , λa, C) and TR(C) can also be
related by a unitary transformation. For operator
q(τ ; Λ; y, z) = exp{− i
2pi
∫
d3x (
τ2
2pi
)
1
2 tr[(ΦI∂iy
I + Ψa∂iz
a)Bi]} , (5.127)
TR(C)q(τ ; Λ; y, z)T
−1
R (C) = exp{−
i
2pi
∫
d3x (
τ2
2pi
)
1
2 tr[H~m(ΦI∂iy
I + Ψa∂iz
a)bi]}q(τ ; Λ; y, z) ,
(5.128)
where we have used
TR(C)BiT
−1
R (C) = Ω¯
−1
~m (C)BiΩ¯~m(C) +H~mbi(C) . (5.129)
33
Therefore,
q(τ ; Λ; y, z)TR(C)q
−1(τ ; Λ; y, z) = TR(C) exp{ i
2pi
∫
d3x (
τ2
2pi
)
1
2 tr[H~m(ΦI∂iy
I + Ψa∂iz
a)bi]}
= TR(C) exp{i
∮
C
ds (
τ2
2pi
)
1
2 2tr[H~m(ΦI∂iy
I + Ψa∂iz
a)]x˙i}
= TR(C)W
Φ
R (τ ;λ
I , C)WΨR (τ ;λ
a, C) , (5.130)
and
q(τ ; Λ; y, z)TR(C)q−1(τ ; Λ; y, z) = TR(τ ;λI , λa, C) . (5.131)
More generically, with g(A) taken into account, suppose
q(τ ; Λ; y, z,m) = exp{− i
2pi
∫
d3x (
τ2
2pi
)
1
2 tr[(ΦI∂iy
I + Ψa∂iz
a)Bi]}gm(A) , (5.132)
we will have
q(τ ; Λ; y, z,m)TR(C)q
−1(τ ; Λ; y, z,m) = TR(C)(WAR (C))
mWΦR (τ ;λ
I , C)WΨR (τ ;λ
a, C) (5.133)
and
q(τ ; Λ; y, z,m)TR(C)q−1(τ ; Λ; y, z,m) = TR(τ ;m,λI , λa, C) , (5.134)
where
TR(τ ;m,λI , λa, C) = 1
dRN(R,C)
∫
DRU U [TR(C)(W
A
R (C))
mWΦR (τ ;λ
I , C)WΨR (τ ;λ
a, C)]U−1 .
(5.135)
This is the generalized T-transformation inserting a supersymmetric Wilson loop into the ’t
Hooft operator.
In path integral formulation, the obtained ’t Hooft operator is
T ′R∗(τ ;λI , λa, C) =
1
dR∗N(R∗,C)
∫
DR∗U U [TR∗(C)W
Φ
R∗(τ ;λ
I , C)WΨR∗(τ ;λ
a, C)Y (τ ;λI , λa, C)]U−1
(5.136)
with Y (τ ;λI , λa, C) a unitary operator constructed from Λ. It is expected that TR∗(τ ;λI , λa, C)
and T ′R∗(τ ;λI , λa, C) are equivalent.
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5.7. S-transformation of the supersymmetric loop operators
’t Hooft and Wilson operators in representation R∗ commute,
[TR∗(τ ;λI1, λa1, C1),WR∗(τ ;λI2, λa2, C2)] = 0 . (5.137)
|D〉(Λ′,Λ) with Λ = (Ai,ΦI ,Ψa), Λ′ = (A′i,ΦI ,Ψa) is the common eigenstate of TR∗(τ ;λI , λa, C)
and WR∗(τ ;λI , λa, C), |D〉(Λ′,Λ) = |D〉(LΛ′,LΛ),
TR∗(τ ;λI , λa, C)|D〉(Λ′,Λ) =WR∗(Λ; τ ;λI , λa, C)|D〉(Λ′,Λ) , (5.138)
WR∗(τ ;λI , λa, C)|D〉(Λ′,Λ) =WR∗(Λ′; τ ;λI , λa, C)|D〉(Λ′,Λ) . (5.139)
TR∗(τ ;λI , λa, C) and WR∗(τ ;λI , λa, C) have the same spectrum.
One may construct a (R, τ, λI , λa, C)-independent unitary operator S1 with
S1WR∗(τ ;λI , λa, C)S−11 = TR∗(τ ;λI , λa, C) , S1TR∗(τ ;λI , λa, C)S−11 =W+R∗(τ ;−λI ,−λa, C) .
(5.140)
In (5.140),
WR∗(τ ;λI , λa, C) = 1
dR∗N(R∗,C)
∫
DR∗U U exp{i
∮
C
ds 2tr[H∗~m(Aix˙
i+(
τ2
2pi
)
1
2 (ΦIλ
I+Ψaλ
a))]}U−1 ,
(5.141)
TR∗(τ ;λI , λa, C) = 1
dR∗N(R∗,C)
∫
DR∗U UTR∗(C) exp{i
∮
C
ds 2tr[H∗~m(
τ2
2pi
)
1
2 (ΦIλ
I+Ψaλ
a)]}U−1 ,
(5.142)
the variation of λI and λa gives
S1δWR∗(τ ;λI , λa, C)S−11 = δTR∗(τ ;λI , λa, C) , (5.143)
where
δWR∗(τ ;λI , λa, C) = 1
dR∗N(R∗,C)
∫
DR∗U U{i
∮
C
ds 2(
τ2
2pi
)
1
2 tr[H∗~m(ΦIδλ
I + Ψaδλ
a)]}
WR∗(τ ;λ
I , λa, C)U−1 , (5.144)
δTR∗(τ ;λI , λa, C) = 1
dR∗N(R∗,C)
∫
DR∗U U{i
∮
C
ds 2(
τ2
2pi
)
1
2 tr[H∗~m(ΦIδλ
I + Ψaδλ
a)]}
TR∗(τ ;λ
I , λa, C)U−1 . (5.145)
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In addition to S1, it is also necessary to introduce another unitary operator S2 inducing a
rescaling:
S2AiS
−1
2 = Ai S2Φ
IS−12 =
ΦI
|τ | S2Ψ
aS−12 =
e
iθ
2 Ψa
|τ |
S2ΠiS
−1
2 = Πi S2Π
IS−12 = |τ |ΠI S2ΠaS−12 = e−
iθ
2 |τ |Πa , (5.146)
τ = |τ |eiθ, θ ∈ [0, pi]. The action of S2 on W and T is
S2WR∗(τ ;λI , λa, C)S−12 =WR∗(−
1
τ
;λI , e
iθ
2 λa, C) , (5.147)
S2TR∗(τ ;λI , λa, C)S−12 = TR∗(−
1
τ
;λI , e
iθ
2 λa, C) . (5.148)
The S-transformation operator is S = S1S2 with
SWR∗(τ ;λI , λa, C)S−1 = TR∗(−1
τ
;λI , e
iθ
2 λa, C) , (5.149)
STR∗(τ ;λI , λa, C)S−1 =W+R∗(−
1
τ
;−λI ,−e iθ2 λa, C) . (5.150)
This is the expected transformation rule for supersymmetric loop operators. Especially, under
the action of the charge conjugation operator S2,
S2WR∗(τ ;λI , λa, C)S−2 =W+R∗(τ ;−λI ,−iλa, C) , (5.151)
S2TR∗(τ ;λI , λa, C)S−2 = T +R∗(τ ;−λI ,−iλa, C) . (5.152)
The action of S2 on |Λ〉 is
S2|Λ〉 = |ΛC〉 , (5.153)
where ΛC = (−AM tM∗,ΦM tM∗,−iΨM tM∗) is the charge conjugate configuration of Λ, M =
1, 2, · · · , dimG.
WR∗(Λ; τ ;λI , λa, C) =W∗R∗(ΛC ; τ ;−λI ,−iλa, C) . (5.154)
5.8. Supersymmetry transformation of loop operators
Having established the action of S at the kinematical level, we may examine its action at
the dynamical level. Suppose Qaα, Q¯
a
α˙, S
aα˙ and S¯aα with a = 1, 2, 3, 4, α, α˙ = 1, 2 are 32
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supercharges of N = 4 SYM theory, if [18–20]
SQaβ(τ)S
−1 = e
iθ
2 Qaβ(−
1
τ
) , SQ¯aβ˙(τ)S
−1 = e−
iθ
2 Q¯aβ˙(−
1
τ
) , (5.155)
SSaα˙(τ)S−1 = e
iθ
2 Saα˙(−1
τ
) , SS¯aα(τ)S−1 = e−
iθ
2 S¯aα(−1
τ
) , (5.156)
then according to the superconformal algebra, all of the superconformal charges will transform
with the corresponding U(1)Y phase and the theory will be S-duality invariant [6]. Since S is
defined through its action on loop operators, in the following, we will study the action of S on
the symmetry variation of loop operators to give a primary check for (5.155) and (5.156).
In canonical quantization formulation,
Qaα =
∫
d3x Ja0α(x) Q¯
a
α˙ =
∫
d3x J¯a0α˙(x) (5.157)
Saα˙ =
∫
d3x xµσαα˙µ J
a
0α(x) S¯
aα =
∫
d3x xµσαα˙µ J¯
a
0α˙(x) , (5.158)
where the supercurrent density is
Ja0β(τ) = tr{
2pi
τ2
ΠαβΠ
aα +
τ
τ2
BαβΠ
aα + ΨbβΠ
ab + αβΠ
bα[Φbc,Φ
ac] +
τ2
2pi
Ψbασ
0αα˙σiβα˙DiΦ
ab}
J¯0aβ˙(τ) = tr{Ψαaσ0ββ˙ Παβ +
τ¯
2pi
Ψαaσ
0β
β˙
Bαβ +
2pi
τ2
Πbβσ0
ββ˙
Πab − τ2
2pi
α˙β˙Ψbασ
0αα˙[Φbc,Φac]
+ Πbασi
αβ˙
DiΦab} . (5.159)
The actions of WAR∗(C) and TR∗(C) on supercharges both bring a loop integration:
WAR∗(C)θ
β
aQ
a
β(τ)W
A−1
R∗ (C) = θ
β
aQ
a
β(τ) +
4pi
τ2
∮
C
ds tr(H∗~mΠ
aα)θβa x˙αβ
TR∗(C)θ
β
aQ
a
β(τ)T
−1
R∗ (C) = θ
β
aQ
a
β(τ)−
4piτ
τ2
∮
C
ds tr(H∗~mΠ
aα)θβa x˙αβ
WAR∗(C)θ¯
aβ˙Q¯aβ˙(τ)W
A−1
R∗ (C) = θ¯
aβ˙Q¯aβ˙(τ) + 2
∮
C
ds tr(H∗~mΨ
α
a )θ¯
aβ˙σ0β
β˙
x˙αβ
TR∗(C)θ¯
aβ˙Q¯aβ˙(τ)T
−1
R∗ (C) = θ¯
aβ˙Q¯aβ˙(τ)− 2τ¯
∮
C
ds tr(H∗~mΨ
α
a )θ¯
aβ˙σ0β
β˙
x˙αβ . (5.160)
Consider the supersymmetry variations of the loop operators and for simplicity, suppose
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λa = 0, then
WR∗(τ ;λ
ab, C) = WAR∗(C)W
Φ
R∗(τ ;λ
ab, C) = exp{i
∮
C
ds 2tr[H∗~m(Aαβx˙
αβ + (
τ2
2pi
)
1
2 Φabλ
ab)]} ,
WR∗(τ ;λab, C) = 1
dR∗N(R∗,C)
∫
DR∗U UWR∗(τ ;λ
ab, C)U−1 , (5.161)
TR∗(τ ;λ
ab, C) = TR∗(C)W
Φ
R∗(τ ;λ
ab, C) = TR∗(C) exp{i
∮
C
ds 2tr[H∗~m(
τ2
2pi
)
1
2 Φabλ
ab]} ,
TR∗(τ ;λab, C) = 1
dR∗N(R∗,C)
∫
DR∗U UTR∗(τ ;λ
ab, C)U−1 . (5.162)
Direct calculation gives
[θβaQ
a
β(τ), TR∗(C)] = [
4piτ
τ2
∮
C
ds tr(H∗~mΠ
aα)θβa x˙αβ]TR∗(C)
[θ¯aβ˙Q¯aβ˙(τ), TR∗(C)] = [2τ¯
∮
C
ds tr(H∗~mΨ
α
a )θ¯
aβ˙σ0β
β˙
x˙αβ]TR∗(C) (5.163)
[θβaQ
a
β(τ),W
A
R∗(C)] = −[
4pi
τ2
∮
C
ds tr(H∗~mΠ
aα)θβa x˙αβ]W
A
R∗(C)
[θ¯aβ˙Q¯aβ˙(τ),W
A
R∗(C)] = −[2
∮
C
ds tr(H∗~mΨ
α
a )θ¯
aβ˙σ0β
β˙
x˙αβ]W
A
R∗(C) (5.164)
[θβaQ
a
β(τ),W
Φ
R∗(τ ;λ
ab, C)] = −[2( τ2
2pi
)
1
2
∮
C
ds tr(H∗~mΨ
a
α)θ
bαλab]W
Φ
R∗(τ ;λ
ab, C)
[θ¯aβ˙Q¯aβ˙(τ),W
Φ
R∗(τ ;λ
ab, C)] = −[2( τ2
2pi
)−
1
2
∮
C
ds tr(H∗~mΠ
aα)σ0αα˙θ¯
bα˙λab]W
Φ
R∗(τ ;λ
ab, C) .
(5.165)
So the supersymmetry variations of WR∗(τ ;λab, C) and TR∗(τ ;λab, C) are
[θβaQ
a
β(τ) + θ¯
aβ˙Q¯aβ˙(τ),WR∗(τ ;λab, C)]
=
1
dR∗N(R∗,C)
∫
DR∗U U [
∮
C
ds tr{H∗~m[Πaα(−(
4pi
τ2
)θβa x˙αβ − 2(
τ2
2pi
)−
1
2σ0αα˙θ¯
bα˙λab)
+ Ψαa (−2σ0ββ˙ θ¯aβ˙x˙αβ − 2(
τ2
2pi
)
1
2 θbαλ
ab)]}]WR∗(τ ;λab, C)U−1 , (5.166)
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[θβaQ
a
β(τ) + θ¯
aβ˙Q¯aβ˙(τ), TR∗(τ ;λab, C)]
=
1
dR∗N(R∗,C)
∫
DR∗U U [
∮
C
ds tr{H∗~m[Πaα((
4piτ
τ2
)x˙αβθ
β
a − 2(
τ2
2pi
)−
1
2σ0αα˙θ¯
bα˙λab)
+ Ψαa (2τ¯ θ¯
aβ˙σ0β
β˙
x˙αβ − 2( τ2
2pi
)
1
2 θbαλ
ab)]}]TR∗(τ ;λab, C)U−1 . (5.167)
Under the action of the S-transformation operator S = S1S2, (5.166) becomes
[SθβaQ
a
β(τ)S
−1 + Sθ¯aβ˙Q¯aβ˙(τ)S
−1, SWR∗(τ ;λab, C)S−1]
=
1
dR∗N(R∗,C)
S1
∫
DR∗U U
∮
C
ds tr{H∗~m[Πaαe−
iθ
2 |τ |(−(4pi
τ2
)θβa x˙αβ − 2(
τ2
2pi
)−
1
2σ0αα˙θ¯
bα˙λab)
+
e
iθ
2 Ψαa
|τ | (−2σ
0β
β˙
θ¯aβ˙x˙αβ − 2( τ2
2pi
)
1
2 θbαλ
ab)]}WR∗(−1
τ
;λab, C)U−1S−11
=
1
dR∗N(R∗,C)
S1
∫
DR∗U U
∮
C
ds tr{H∗~m[Πaαδλ′aα + Ψαaδλaα]}WR∗(−
1
τ
;λab, C)U−1S−11 ,
(5.168)
where
δλ′aα = e
− iθ
2 |τ |(−(4pi
τ2
)θβa x˙αβ − 2(
τ2
2pi
)−
1
2σ0αα˙θ¯
bα˙λab) , (5.169)
δλaα =
e
iθ
2
|τ | (−2σ
0β
β˙
θ¯aβ˙x˙αβ − 2( τ2
2pi
)
1
2 θbαλ
ab) . (5.170)
On the other hand, with τ replaced by −1/τ , and θβa , θ¯aβ˙ replaced by e
iθ
2 θβa , e
− iθ
2 θ¯aβ˙, (5.167)
becomes
[e
iθ
2 θβaQ
a
β(−
1
τ
) + e−
iθ
2 θ¯aβ˙Q¯aβ˙(−
1
τ
), TR∗(−1
τ
;λab, C)]
=
1
dR∗N(R∗,C)
∫
DR∗U U [
∮
C
ds tr{H∗~m[Πaαδλ′aα + Ψαaδλaα]}]TR∗(−
1
τ
;λab, C)U−1 .(5.171)
According to (5.143)-(5.145), the right hands of (5.168) and (5.171) are equal, so for
∆aβ(τ) := SQ
a
β(τ)S
−1 − e iθ2 Qaβ(−
1
τ
) , ∆¯aβ˙(τ) := SQ¯aβ˙(τ)S
−1 − e− iθ2 Q¯aβ˙(−
1
τ
) , (5.172)
we have
[θβa∆
a
β(τ) + θ¯
aβ˙∆¯aβ˙(τ), TR∗(−
1
τ
;λab, C)] = 0 (5.173)
or equivalently,
[θβaS
−1∆aβ(τ)S + θ¯
aβ˙S−1∆¯aβ˙(τ)S,WR∗(τ ;λab, C)] = 0 (5.174)
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for the arbitrary θβa , θ¯
aβ˙, λab, C. When (5.155) holds, ∆aβ(τ) = ∆¯aβ˙(τ) = 0, (5.173) and (5.174)
are satisfied.
The charge conjugation operator is S2. From (5.155) and (5.156),
S2Qaβ(τ)S
−2 = iQaβ(τ) , S
2Q¯aβ˙(τ)S
−2 = −iQ¯aβ˙(τ) , (5.175)
S2Saα˙(τ)S−2 = iSaα˙(τ) , S2S¯aα(τ)S−2 = −iS¯aα(τ) . (5.176)
Under the action of S2,
S2AMi t
MS−2 = −AMi tM∗ S2ΦMI tMS−2 = ΦMI tM∗ S2ΨMa tMS−2 = iΨMa tM∗
S2ΠMi S
−2 = −ΠMi tM∗ S2ΠMI tMS−2 = ΠMI tM∗ S2ΠMa tMS−2 = −iΠMa tM∗ .
(5.177)
With (5.177) plugged in (5.159),
S2Ja0β(τ)S
−2 = iJa0β(τ) , S
2J¯0aβ˙(τ)S
−2 = −iJ¯0aβ˙(τ) , (5.178)
(5.175) and (5.176) are indeed satisfied.
When θβa x˙αβ + (
τ2
2pi
)
1
2σ0αα˙θ¯
bα˙λab = 0, δλ
′
aα = δλ
a
α = 0,
[θβaQ
a
β(τ) + θ¯
aβ˙Q¯aβ˙(τ),WR∗(τ ;λab, C)] = 0 , (5.179)
[e
iθ
2 θβaQ
a
β(−
1
τ
) + e−
iθ
2 θ¯aβ˙Q¯aβ˙(−
1
τ
), TR∗(−1
τ
;λab, C)] = 0 . (5.180)
The supersymmetries preserved by WR∗(τ ;λab, C) in theory with the coupling constant τ and
those preserved by TR∗(−1/τ ;λab, C) in theory with the coupling constant −1/τ are related by
a U(1)Y phase, as is already shown in path integral formalism [21].
(5.173) or (5.174) is still not enough to guarantee (5.155). In fact, only the first three terms
of J, J¯ in (5.159) play a role in our calculation. To prove (5.155), we should further check the
validity of
[θβa∆
a
β(τ) + θ¯
aβ˙∆¯aβ˙(τ), TR∗(−
1
τ
;λab, λa, C)] = 0 (5.181)
or
[θβaS
−1∆aβ(τ)S + θ¯
aβ˙S−1∆¯aβ˙(τ)S,WR∗(τ ;λab, λa, C)] = 0 (5.182)
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with the fermionic couplings also turned on. The Wilson loop of Ψ is
WΨR∗(τ ;λ
a, C) = exp{i( τ2
2pi
)
1
2
∮
C
ds 2tr(H∗~mΨa)λ
a} (5.183)
with
[θβaQ
a
β(τ),W
Ψ
R∗(τ ;λ
a, C)]
= (
τ2
2pi
)
1
2{
∮
C
ds 2tr[H∗~m(
2pi
τ2
Παβλ
aαθβa +
τ
τ2
Bαβλ
aαθβa + λ
bαθβa αβ[Φbc,Φ
ac])]}WΨR∗(τ ;λa, C)
[θ¯aβ˙Q¯aβ˙(τ),W
Ψ
R∗(τ ;λ
a, C)]
= (
τ2
2pi
)
1
2{
∮
C
ds 2tr[H∗~m(λ
bαθ¯aβ˙σi
αβ˙
DiΦab +
2pi
τ2
λbβ θ¯aβ˙σ0
ββ˙
Πab)]}WΨR∗(τ ;λa, C) . (5.184)
The supersymmetry variation of WΨR∗(τ ;λ
a, C) contains the conjugate momentum Παβ and Πab.
We should also consider the Wilson operators constructed from both Ai,Φ
I ,Ψa and Πi,ΠI ,Πa
and figure out the corresponding ’t Hooft operator.
6. CONCLUSION AND DISCUSSION
In this paper, we studied the gauge invariant ’t Hooft operator in canonical formalism. The
generic commutation relations for ’t Hooft and Wilson operators in arbitrary representations are
obtained. Wilson and ’t Hooft operators labeled by the representation and the dual represen-
tation of the gauge group commute. Especially, when the gauge group is U(N), loop operators
in arbitrary representations commute. Under the T-transformation, ’t Hooft operator TR(C)
becomes the Wilson-t Hooft operator [T W ]R(C) with W and T both labeled by R.
For S-transformation of the loop operators, it is shown that the spectrum of the ’t Hooft
operator labeled by the dual representation of the gauge group is the same as the spectrum of
the Wilson operator labeled by the same representation. This gives the possibility to construct
a unitary operator S making the two kinds of loop operators transformed into each other. S-
transformation of the theory is realized by the operator S. However, the spectrum of the loop
operators are highly degenerate, so the S-transformation rule for loop operators cannot uniquely
fix S. On the other hand, the corresponding flux operators have the reduced degeneracy. It
is expected that S can be determined through its action on the electric and the magnetic flux
operators just as in U(1) case.
For N = 4 SYM theory, with S given, if the supercharges transform with a U(1)Y phase, the
theory will be S-duality invariant. We compute the supersymmetry variations of the loop oper-
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ators with the fermionic couplings turned off and get the evidence for the U(1)Y transformation
of the supercharges. Especially, supersymmetries preserved by ’t Hooft operators labeled by
the dual representation in theory with the coupling constant τ and those preserved by Wilson
operators labeled by the same representation in theory with the coupling constant −1/τ are
related by a U(1)Y phase. To prove the U(1)Y transformation rule of the supercharges, it is also
necessary to consider the action of S on the supersymmetry variations of the loop operators
with the fermionic couplings turned on. This requires the knowledge for the S-dual of Wilson
operators constructed from both Ai,Φ
I ,Ψa and Πi,ΠI ,Πa.
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Appendix A: A direct proof for the path integral representation of the Wilson loop
When the gauge group is SU(N) and R is an irreducible representation, consider the path-
ordered integration PR(A;C; t) along the loop C parametrized by s ∈ [0, 1):
PR(A;C; t) = P exp{i
∫ t
0
ds AiRx˙i} = P exp{i
∫ t
0
ds AR} , (A.1)
PR(A;C; 0) = I, WR(A;C) = 1dR trPR(A;C; 1).
d
dt
PR(A;C; t) = iAR(t)PR(A;C; t) . (A.2)
One can always find a gauge transformation UR, under which the original gauge field A
i
R
becomes
A′iR = U
−1
R A
i
RUR + iU
−1
R ∂
iUR , (A.3)
where A′iR is a gauge field with A
′
R = A
′i
Rx˙i = HR(A;C; 1) a constant in Cartan subalgebra
along the loop C.
U−1R PR(A;C; 1)UR = exp{i
∫ 1
0
ds HR(A;C; 1)} = exp{iHR(A;C; 1)} . (A.4)
So to calculate the Wilson loop, it is enough to consider the constant AR in Cartan subalgebra
at C.
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For definiteness, suppose G = SU(2), for the representation R with the spin j =
1
2
, 1, · · · ,
from (3.4),
Wj(A;C) = 1
(2j + 1)n(j,C)
∫
Dju(s) exp{i
∫ 1
0
ds j tr[σ3(u
−1Aiu+ iu−1∂iu)]x˙i}
=
1
(2j + 1)n(j,C)
∫
Dju(s) exp{i
∫ 1
0
ds j tr[σ3(
1
2
au−1σ3u+ iu−1u˙)]} , (A.5)
where a is a constant. On the other hand,
Wj(A;C) = 1
2j + 1
tr exp{iaHj} = 1
2j + 1
j∑
m=−j
eiam , (A.6)
it remains to show the right hand sides of (A.5) and (A.6) are equal. The proof is in [22]. Here,
we will give a review with a clarification on the concrete form of Dju(s) in (A.5).
The SU(2) matrix u can be parametrized by angles (α, β, γ):
u = exp{−iασ3/2} exp{−iβσ2/2} exp{iασ3/2} exp{−iγσ3}
=
(
cos β
2
− sin β
2
e−iα
sin β
2
eiα cos β
2
)(
e−iγ 0
0 eiγ
)
. (A.7)
u(s) is a periodic matrix with u(0) = u(1), so α, γ and β are periodic functions of s modulo
2pi, 2pi, and 4pi. tr(σ3u
−1σ3u) = 2 cos β,
S =
∫ 1
0
ds j tr[σ3(
1
2
au−1σ3u+ iu−1u˙)] = j
∫ 1
0
ds [a cos β + α˙(cos β − 1)] . (A.8)
The Cartan subgroup exp{−iγσ3} is the stationary group of eiS. The integration should be
carried over the coset space SU(2)/U(1) parametrized by α and β.
Let η = cos β, −1 ≤ η ≤ 1, −∞ < α <∞, consider the path integral
G[η(0), α(0); η(1), α(1)] =
1
n(j,C)
∫ ∏
s
Dju(s) exp{iS} =
∫ ∏
s
Djη(s)Djα(s) exp{iS}
(A.9)
with the fixed boundary condition η(1) = η(0) = η′, α(1) = α(0) + 2pin, α(0) = α′, α(1) = α′′,
n ∈ Z. DjηDjα = j2pidηdα. The discretized version of the path integral is
G(η′, α′; η′, α′′) = lim
N→∞
(
j
2pi
)N
∫ ∏
k
dηkdαk exp{i
N∑
k=1
j[
aηk
N
+ (ηk − 1)(αk − αk−1)]} (A.10)
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with η0 = ηN = η
′, α0 = α′, αN = α′′. The integration over αk gives δ-functions, making the
integral localized at the paths with ηk = η
′ for k = 1, 2, · · · , N − 1.
G(η′, α′; η′, α′ + 2pin) =
j
2pi
exp{i jη′(a+ α′′ − α′) exp{−i j(α′′ − α′)}
=
j
2pi
exp{i jη′(a+ 2pin) exp{−i j(2pin)} . (A.11)
(A.11) is exact for finite N , but the N → ∞ limit must be taken to make (A.5) valid. The
integration over η′ gives
G(α
′;α′ + 2pin) =
∫ 1+
−1−
dη′ G(η′, α′; η′, α′ + 2pin)
=
exp{i j(a+ 2pin)} − exp{−i j(a+ 2pin)}
2pii(a+ 2pin)
, (A.12)
where the regulator  > 0 is introduced that should be taken to be 0 at the end. This amounts
to adding a small imaginary part to β, i.e. β → β + i√2. Since
R± = lim
→0
∑
n
e±i2pin
2pin+ a
=
e±
i
2
a
2 sin a
2
, (A.13)
the further integration over α′ and n gives
G =
∑
n
∫ 2pi
0
dα′ G(α′;α′ + 2pin)
=
∫ 2pi
0
dα′
∑
n
exp{i j(a+ 2pin)} − exp{−i j(a+ 2pin)}
2pii(a+ 2pin)
(A.14)
=
sin[(j + 1
2
)a]
sin a
2
=
j∑
m=−j
eiam . (A.15)
The right hand sides of (A.5) and (A.6) are indeed equal, for which to be possible, the j-
dependent path integral measure DjηDjα should be
j
2pi
dηdα.
Appendix B: The completeness of {|D〉(Aˆ′,A)| ∀A} in Hph[E(Aˆ′)]
{|LAˆ′〉ph| ∀L ∈ L} composes the complete basis for Hph[E(Aˆ′)], so if∫
DA g(LA)|D〉(Aˆ′,A) =
∫
DU |ULAˆ′〉 = |LAˆ′〉ph , (B.1)
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{|D〉(Aˆ′,A)| ∀A} will be another set of complete basis for Hph[E(Aˆ′)].
∀ L ∈ L, suppose L = UnT (Cn−1)Un−1 · · ·T (C1)U1, then
g(A)g−1(LA) = W−1[Un−1T (Cn−2) · · ·T (C1)U1A;Cn−1] · · ·W−1[U1A;C1]
= W−1[Ln−1A;Cn−1] · · ·W−1[L1A;C1] , (B.2)
where Lk = UkT (Ck−1) · · ·T (C1)U1. The explicit form of W−1[LkA;Ck] is
W−1[LkA;Ck] = exp{−i
∮
Ck
ds 2tr[H(LkAiL
−1
k + fi(Lk))]x˙
i}
= exp{− i
2pi
∫
d3x tr[AiL
−1
k HLkb
i(Ck)]} exp{− i
2pi
∫
d3x tr[Hfi(Lk)b
i(Ck)]} ,
(B.3)
where bi is given by (3.19), fi(Lk) is a A-independent term. So
g(A)g−1(LA)
= exp{− i
2pi
∫
d3x tr[Ai
n−1∑
k=1
L−1k HLkb
i(Ck)]} exp{− i
2pi
∫
d3x tr[H
n−1∑
k=1
fi(Lk)b
i(Ck)]} .
(B.4)∫
DA g(A)g−1(LA) = δ[
n−1∑
k=1
L−1k HLkb
i(Ck)] exp{− i
2pi
∫
d3x tr[H
n−1∑
k=1
fi(Lk)b
i(Ck)]} . (B.5)
∫
DA g(A)g−1(LA) 6= 0 only when ∑n−1k=1 L−1k HLkbi(Ck) = 0, in which case, g(A)g−1(LA) is
A-independent. This is possible only when L = U , and then∫
DA g(A)g−1(LA) =
∫
DU δ(L− U) . (B.6)
As a result,∫
DA g(LA)|D〉(Aˆ′,A)
=
∫
dL′
∫
DA g(LA)g−1(L′A)|L′Aˆ′〉 =
∫
dL′
∫
DA g(A)g−1(L′L−1A)|L′Aˆ′〉
=
∫
DU
∫
dL′ δ(L′L−1 − U)|L′Aˆ′〉 =
∫
DU
∫
dL′ δ(L′ − U)|L′LAˆ′〉
=
∫
DU |ULAˆ′〉 = |LAˆ′〉ph . (B.7)
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{|D〉(Aˆ′,A)| ∀A} composes the complete basis for Hph[E(Aˆ′)].
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